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Abstract 

Let F/Q be a totally real field extension of degree g and let D be a 
definite quaternion algebra with center F. Fix an odd prime p which is 
unramified in F and D. We produce weight shiftings between (modp) au- 
tomorphic forms onD x of a fixed level U. When the starting weight does 
not contain any (2, 2)-block, we obtain these shiftings via maps induced 
in cohomology by intertwining operators acting on F p -representations of 
GL2(Of/pOf)- We construct two families of such operators, each of 
cardinality g 2 , and we produce between others weight shiftings by cyclic 
permutations of the blocks (p r , 0, 0, ±1, 0, 0) where the number of 
zeros between p r and ±1 depends upon the value of the integer r. In 
particular, we produce shiftings by (p, ±1, 0, 0). 

Shiftings by (p — 1, ...,p — 1) for weights containing (2, 2)-blocks are 
obtained following the methods of [7] , as half of our intertwining operators 
becomes trivial in this case. 
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1 Introduction 

Let F be a totally real number field and p be an odd prime which is unramified 
in F. Let D be a definite quaternion algebra with center F and assume that D is 
split at all primes of F above p. In this paper we produce congruences modulo p 
between automorphic forms on D x having fixed level and varying weights. Our 
interest in this matter is partially motivated by the study of the weight part of 
Serre's modularity conjecture over a totally real field, as formulated in [4] and 
proven in many cases in [8] and [9]. We hope that our constructions could be 
further generalizable to algebraic groups other than D y . 

Weight shiftings for modulo p elliptic modular forms can be obtained via the 
classical theory of Hasse invariants and theta operators ([H]), and have been 
studied via cohomological methods by Ash-Stevens ([3]) and Edixhoven-Khare 
([7]). In [TB], the author studied cohomological weight shiftings of Hasse- type, 
adopting the viewpoint conceived by C. Khare on this matter. In [7 , Edixhoven 
and Khare produce parallel weight shiftings by p — 1 for automorphic forms on 
D x of parallel weight two, under the assumption that p is inert in F. In [S], Gee 
uses a construction of Kisin ([14]) relying on the classification of the irreducible 
admissible F p -representations of GL2(Q P ) to produce some non-parallel weight 
shiftings by p — 1 on forms on D x , assuming that p is totally split in F: this is 
a crucial step in his proof of the weight conjecture of [4] in the totally split case. 
Weight shiftings for geometric Hilbert modular forms over F can be obtained 
via operators constructed by Andreatta and Goren in [1] . 
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As these results show, there are two possible approaches to the study of 
congruences between automorphic forms of different weights: geometric and 
cohomological. Assume that p > 3 and that N > 5 is coprime to p. The theta 
operator and the Hasse invariant are geometrically defined operators acting on 
spaces of (modp) elliptic modular forms of level N. The first operator induces 
a Hecke equivariant injection increasing weights by p — 1; the latter is a Hecke 
twist-equivariant map that shifts weights by p + 1. The geometric approach to 
weight shiftings passes through the generalization of these operators to spaces 
of geometric Hilbert modular forms over the totally real field F. This is carried 
over by Goren in [TU], where [F : Q] partial Hasse invariants are constructed 
assuming p is unramified in F, and by Andreatta-Goren in [T], where generalized 
theta operators are considered and the unramifiedness assumption of p in F is 
dropped. 

The Eichler-Shimura isomorphism translates the study of Hecke eigensys- 
tems of (modp) elliptic modular forms of weight k > 2 and level N into the 
study of the Hecke action on the cohomology group H 1 (Ti(N), Sym fe ~ 2 F^). In 
[3] , Ash and Stevens identify a cohomological analogue of the theta operator in 
the map induced in cohomology by the Dickson polynomial 8 P = XY P — X P Y £ 
F p [X, Y] . For the cohomological counterpart of the Hasse invariant, we must 
restrict ourselves to work with p-small weights. Additionally, the case of weight 
two must be treated per se (this dichotomy between weight two and weight 
larger than two will appear, mutatis mutandis, also in this paper). In [7], a 
cohomological analogue of the Hasse invariant acting upon weight two forms is 
constructed by studying a degeneracy map: 

H 1 (IMA0,F P ) 2 — > H 1 (Ti(N) nr (p) .Sym"- 1 ^) . 

A GL2(F p )-equivariant derivation D oi ¥ p [X,Y] defined by Serre by: 

Df = XVd x f + Yi>d Y f 

is used in [16] to produce weight shiftings by p — 1 starting from forms of 
weight 2 < k < p + 1. The cokernels of the operators Q p and D are related to 
the characteristic zero theory of representations of GL2(F p ) (cf. [3], [H]). 

Fred Diamond suggested to look for a generalization of the results of [16] 
to other contexts. Following his suggestion, in this paper we construct weight 
shiftings for Hilbert modular forms in cohomological settings. The geometric 
picture had a motivational role in our study. 

Let us mention first a few advantages of working with cohomology groups 
rather than with geometrically defined modular forms. First, by the Jacquet- 
Langlands correspondence, we are led to the more general study of weight shift- 
ings for adelic automorphic forms on definite quaternion F-algebras, where F 
is a field as above. These adelic spaces (cf. 14.21) seem to be well suited for 
computations. Furthermore, their formation is compatible with base change 
(Proposition 14. 2p . while the formation of spaces of geometric Hilbert modular 
forms is not, in general: none of the geometrically constructed partial Hasse 
invariants lift to characteristic zero if F ^ Q. Finally, our methods produce a 
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larger variety of weight shiftings than the ones arising from the geometric setup 
(cf. Remark EE!]). 



The paper is divided into two parts: in the first part, consisting of sections 
2 and 3, we study weight shiftings for Serre's weights, i.e., for (irreducible) 
Fp-linear representations of GL 2 (Of /pOf)', in the second part, consisting of 
sections 4 and 5, we address the problem of weight shiftings for automorphic 
forms associated to the definite quaternion algebra D with center F. 

Set [F : Q] = g*. The main novelties of the paper consist in: (1) the introduc- 
tion of g 2 generalized Dickson operators and g 2 generalized D-operators acting 
on ¥ p [GL2(Of /pO >)]-modules: these maps will induce cohomological general- 
izations of the theta operators and of the partial Hasse invariants, respectively; 
(2) the determination of many non-parallel weight shiftings for automorphic 
forms on D x of a fixed level. In particular, we will answer a question of Dia- 
mond, as for any prime *}3 of F above p we will produce weight shiftings that 
increase those entries of the weight parameter k associated to the embeddings 

<— * Qp by (p, — 1, 0, 0) <E jj^lv) _ or by anv cyclic permutation of this 
tuple, cf. 13X21 

Along the way, we will also obtain new identities between virtual modular repre- 
sentations of GL>2{Of/pOf) that will allow us to give an algorithm to compute 
the Jordan-Holder constituents of any product of symmetric power representa- 
tions of this group. 

Let us now summarize the content of each section of the paper. Fix a positive 
integer g and set q = p 9 and G = GLi (F g ). For any non-negative integer k, 
define the ¥ q [G] -module M k = Sym k ¥ 2 . In [50], after extending the definition 
of the M k 's for k < in a suitable way, Serre proves the following identity, valid 
in the Grothendieck ring of finitely generated F g [G] -modules for any integer k: 

M k - det -M k _ {q+l) = M fc _( 9 _!) - det -M k _ 2q . 

The weight shiftings by q — 1 and by q + 1 appearing in the above formula 
are induced by the Dickson invariant G q and the derivation map D mentioned 
above. In section 2 we recall some constructions associated to these operators 
and some weight shiftings results for elliptic modular forms (cf. [16]). 
In section 3 we derive the new identity (Corollary I3.3|) : 

M^Mt 1] - det-" 1 -M^ p M^ = M ^ P M^ ~ dei^ -M^M^ (1) 

valid for any h,k,i £ 1. Here the superscript [i] indicates that the G-action is 
twisted by the zth power of the absolute Frobenius morphism of ¥ q . For g > 1, 
this identity allows us to explicitly compute the Jordan-Holder factors of any 
virtual representations of the form nf^o 1 (Theorem 13.71 cf. also [17]). 
As for the case g = 1, also for g > 1 the periods appearing in (1), i.e., the 
cyclic permutations of the (/-tuples (p, 1, 0, 0) and (p, —1, 0, 0), correspond 
to weight shiftings arising from G-equivariant operators. In 13.3.11 and 13.3.21 
we define two families of such operators, each containing g 2 maps. For any 
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integers a,/3 subject to the constraints < a < g — 1 and 1 < j3 < g — 1, we 
construct generalized Dickson operators 8^ and generalized 15-operators 
giving rise, for any set of non- negative integers kg, k g -i, to the G-modules 
monomorphism: 



We study some properties of these and other G-operators at the end of section 



In section 4 we use the above results to obtain weight shiftings for modulo p 
automorphic forms on D x having fixed level. We start by treating the case in 
which the tensor factors - corresponding to the prime decomposition of p in F 
- of the weight that we want to shift are all of dimension greater than one: this 
is what we call a weight not containing a (2, 2)-block. 

More precisely, write pOf = *Pi---^Pr and denote by fj the residual degree 
of *Pj over p. Let O be the ring of integers of the smallest unramified extension 
of Q p inside Q p containing the image of F under all the embeddings F — > Q p ; 
let F be the residue field of O. Let A be a topological Z p -algebra and denote 
by Sr,i//(U,A) the space of A- valued adelic automorphic forms on D having 
level U C (D®fA™) x , weight r : U — > Aut(W T ) and Hecke character ip : 
(A^) x / F x — > A x . For any set S of primes of F containing the ramification 
set of D, the primes above p and the primes v for which U v is not a maximal 
compact subgroup of D* , the universal Hecke algebra T^™" = A[T V , S v : v £ S] 
acts upon this space. We assume that U is small enough. 

We use the generalized Dickson and D-operators from section 3, together 
with some classical results of Ash-Stevens and Deligne-Serre, to produce con- 
gruences modulo p between Hecke eigenforms arising from the spaces SV,i/> (U, Z p ) 
for fixed U and varying r. Some technical difficulties arise, as we are mainly 
interested in forms having holomorphic weight in the sense of 14.41 but, in gen- 
eral, our intertwining operators do not preserve holomorphicity. Furthermore, 
we need to make sure that when we transfer forms from weight r to weight r', 
we can lift the reduction of ip modulo the maximal ideal of Z p to a compatible 
Zp -valued Hecke character for r' ■ 

One of the weight shiftings result we can prove is the following (Theorem 
I4.10[) . Assume that r is the O-linear weight with holomorphic parameters 
(k,w) G Z?, 2 x (2Z + 1) and that ip is a Hecke character compatible with r. 
Let / be the minimum of the residual degrees of the primes and fix an in- 
teger j3 such that 1 < (3 < f. For any integers i and j with 1 < j < r and 



< i < fj-i choose G {p p - l,p + 1} and set a = (a^, a^) with 
^(i) = ( a { j \ ...,4f-i)> and w' = w + (p f3 - 1). Then: 




and to the G-morphism: 




3. 
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Theorem Suppose that the weight (k,w) is p-small and generic, i.e., 2 < 

(i) 

K < p+l /or aZZ i, j. Then, if Q is a Heche eigensystem occurring in the space 
S T ^(U,0), there is a finite local extension of discrete valuation rings O'/O and 
an O' -valued Heche eigensystem f2' occurring in holomorphic weight (fc + a, to') 
and with associated Heche character such that i}'(mod DJlo') = £l(mod$}lo)- 
The character ip is compatible with the weight (k + a,w') and it can be chosen 
so that ^ = 'tp. 

More weight shiftings results are proved in l4.5.2l undcr the assumption fj < 3 
for all j. The combinatoric involved in describing all the holomorphic weight 
shiftings arising from the generalized Dickson and D operators becomes more 
complicated as the Z p -rank of O grows. 

The techniques of sections 3 and 4 cannot be successfully applied to obtain 
weight shiftings by p — 1 when starting from weights that contain at least a 
(2, 2)-block (for example parallel weight two). In section 5 we therefore re- 
present a result due to Edixhoven and Khare ([7]): 

Theorem Assume that t is an irreducible (non necessarily holomorphic) 
F-linear weight with parameters (fc, w) 6 Z> 2 x TP such that h^ — 2 for some 
1 < 3 < r - Let t' be the ¥ -linear weight associated to the parameters k' — 
(k^, + p — i, k^) and w' = w. For any non-Eisenstein maximal 
ideal 9Jt of Tg™ v , there is an injective Heche- equivariant F ' -morphism: 

S T (U,F) m ^ S T ,(U,F) m . 

The proof of this result of Edixhoven and Khare relies on the determination of 
the Tg^-support of the kernel of a degeneracy map S Tt ^(U, F) 2 — > S t ^{Uq, F). 
We remark that in the above theorem the weight r is not assumed parallel. The 
weight shiftings produced by repeatedly applying this theorem are not parallel, 
but parallel in blocks. We do not know if, starting from weight two, weight 
shiftings by p — 1 which are not of this type are possible or if they can be 
obtained via the above methods. 

Conventions Unless otherwise stated, in this paper all rings are assumed to 
have an identity element and are commutative. All the group representations 
are assumed to be left representations on a module of finite length over a fixed 
coefficient ring. The letter p always denotes a positive rational prime. 
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Part I 

Weight shift ings for 
GL2 (F g )-modules 

2 Untwisted GZ^F^-modules 

Fix a rational prime p, a positive integer g, and set q — p 9 . Denote by ¥ q 
a finite field with q elements and fix an algebraic closure ¥ q of ¥ q ; denote by 
a G Gal (F g /Fp) the arithmetic Frobenius element. Let G — GL2 (¥ q ) and let 
M be a representation of G over F q ; for any neZ, the Frobenius element a n 
induces a map G — > G obtained by applying a n to each entry of the matrices 
in G: composing this map with the action of G on M, we give to the latter a 
new structure of G- module, that is denoted M<- n ' and called the nth Frobenius 
twist of M. If / : M — > N is a G-homomorphism and n 6 Z, denote by /["I : 
MM^atM the map defined by f [n] (x) = f{x) for all x € Af w : /M is a G- 
homomorphism. 

Let Mi denote the standard representation of G on F^ and, for any positive 

integer k, define Mu = Sym fc Mi to be the kth symmetric power of Mi. We 
identify M& with the F g -vector space of homogeneous polynomials over ¥ q in 
two variables and of degree k, endowed with the action of G induced by: 



• X = aX + cY, f a c b d j-Y = bX + dY. 

We set Ma to be the trivial representation of G. Denote by det : G — » F£ the 
determinant character of G, so that det'™' = det p . 

Recall (cf. [21], [22] §13) that the irreducible representations of G over F g 
are all and only of the form: 

det^tgT^MW, 

where ko, k g —\ and m are integers such that < fc, < p— 1 for i = 0, g — 1, 
< m < 1, and all the tensor products are over F q . The above representations 
are pairwise non-isomorphic. 

We denote by -Ko(G) the Grothendieck group of finitely generated F 9 [G]- 
modules: it can be identified with the free abelian group generated by the 
isomorphism classes of irreducible representations of G over ¥ q ( Q15] ) . If M is 
an ¥ q [G] -module, we denote by [M] its class in K (G) and set e — [det]; if no 
confusion arises we also write M to denote [M] . Tensor product over ¥ q induces 
on Kq(G) a structure of commutative ring with identity; we denote the product 
in Kq(G) by • or by juxtaposition. 
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2.1 Identities in K (G) (I) 



We present some identities between virtual representations in K (G) that we 
will need later. 

Negative weights We extend the definition of £ Kg (G) for k < in 
a way that is coherent with Brauer character computations, as suggested by 
Serre in [20]. We briefly explain this: a more detailed account of what follows 
is contained in [16] 2.1. 

Let G = GL2 as an algebraic group over ¥ q , and let T C G be the maximal 
split torus of diagonal matrices. Identify the character group -^(T) of T with 1? 
in the usual way, so that the roots associated to (G, T) are (1, —1) and (—1, 1); 
fix a choice of positive root a = (1, —1). The corresponding Borel subgroup B 
is the group of upper triangular matrices in G; we denote by B - the opposite 
Borel subgroup. For a fixed A G X(T), let Ma be the one dimensional left 
B -module on which B~ acts (through T) via the character A . Denote by 
ind B - Ma the left G-module given by algebraic induction from B to G of 
Ma- Define the following generalization of the dual Weyl module for A (cf. [T2] , 



where R l ind B - (•) denote the ith right derived functor of ind B - (•). W (A) is an 
element of the Grothendieck group K (G) of G, because each i^indg- (M A ) 
is a finite dimensional G-module, and R l ind B - (Ma) is zero for i > 1 (|12j. 
II. 4. 2). For Afc = (fc,0) E -^(T) with k any integer we have: 



If k > 0, H^P^, O (k)) = so that W (A fe ) = H°(F$ q ,0 (*)) = Sym^; if 
k < we have H (Pl q ,O (jfe)) = and W (A fe ) = -H l (F^, O (fc)); the canonical 
perfect pairing of G-modules: 



H°(Pj e ,0(-fe-2)) xi/ 1 (pi g ,0(fc))^ J ff 1 (pi ? ,0(-2))~dct- 1 ®G aJ „ 



brings naturally to the following: 

Definition 2.1 Let k < be an integer. Define the element of the Grothendieck 
group Kq (G) of G over ¥ q by: 



11.5): 



* — 't>0 



ffindg- (M Xk )^H\Pl 7 0(k)). 




Lemma 2.2 For any k eZ we have in Kq (G) the identity: 



M k + e 



l+k 



■ M_ fc _ 2 = 0. 



(A s , fe ) 
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Weight shifting by q ± 1 Let us fix an embedding l : ¥ q 2 — > A/ 2 (F,j) corre- 
sponding to a choice of F 9 -basis for the degree 2 extension of ¥ q inside ¥ q . Let 
Q p be a fixed algebraic closure of the p-adic field Q p and let us fix an isomor- 
phism between ¥ q and the residue field of the ring of integers Z p of Q p ; denoting 
by % : F ? — >Z p the corresponding Teichmiiller character, the Brauer character 
Greg — > Q p of the representations Mk (k > 1) is given as follows: 

" > ^ (k + l) X (a)\ S £F, X 



a 

a \ ^ X(a) k+1 -X(b) k+1 , wX 
b J x{a)-x{b) q 

( \ <. X ( C ) " X ( C ) TraX \ TtpX 

Using the above formulae, the following is proved in [2"U] : 
Lemma 2.3 For any fc € Z we /jave m -Ko (G) i/ie identity: 

M k - e • M fc _(g +1 ) = M fc _( 8 _!) - e • M fe _ 2g . ( s s,fe) 

Product formula It is a result of Glover that for any positive integers n, m 
there exists a short exact sequence of ¥ q [SL2 (F 9 )]-modules of the form: 

->■ M„_i M m _i A M„ ®ji 4 M m 4 M„ +m -> 0, 

where j is induced by the assignment m®s 4 «X (g) uY — uY ® and 7r is 
induced by multiplication inside the algebra ¥ q [X, Y] . The following is an easy 
extension to GL2 of Glover's result: 

Lemma 2.4 For any n,m G Z we /law in Kq (G) the identity: 

M n M m = M n +m + e¥„-iM m -i. (n 9 , n ,m) 

Proof Let r be the Brauer character of the virtual representation M n M m — 
Mn+m — eM n _iM m _i. Let a, b 6 F* such that a ^ 6; denote by x the Te- 
ichmiiller lift of x G F* taken via We have: 



r[ a a j = (n + l)(m + l)a n+m -(n + m + l)a n+m + 

~n+l _ ^"+1 Q m +! _ yin+l ~n+m+l _ ^n+?n+l 



a — 6 a — 6 a — & 

_~ (a n -&")(a m -fr m ) 

" a (a - ly ' 



+ 
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Both these expressions are trivially zero. If c € F* 2 \F* and i : F g 2— S-M2 (F g ) is 
as above, then det i (c) — c 1+q , so that: 



gg(n+l) _ gn+1 gg(m+l) _ 

r(i(c)) = = - z = h 

v K " C.1-C C q - c 

~g(n+m+l) _ ~n+m+l ^ (c qn — C a )(c qm — C m ) 

(fl -c ° (c q - c) 2 

and this is also zero. As r is identically zero on G reg , M n M m — M n+m — 
eM„_iM m _i is the zero element of Kq (G). ■ 

We summarize the three identities obtained so far: 

Proposition 2.5 Let q = p 9 (g > 1) and let k,n,m G Z. The following identi- 
ties hold in Kq (G): 

M k = ~e 1+k ■ M_ fe _ 2 (A g , fc ) 
M fe — e • M fe _( 9+1 ) = Mfc_( g _i) — e • M k -2q (^s,fe) 



M„M m = A/„ +m + eM n _iM m _i. (n 5 , fc ) 

2.2 Intertwining operators for the periods g — 1 and g + 1 

Recall that the irreducible complex representations of G (of dimension larger 
than one) that are not twists of the Steinberg representation are of two types: the 
principal series representations, having dimension q+1 and obtained by inducing 
to G characters of the Borel subgroup of G, and the cuspidal representations, 
having dimension q — 1 and characterized by the property that they do not occur 
as a factor of a principal series. 

The two periods q + 1 and q — 1 appear in the identity and suggest 

the existence of intertwining operators that shift weights by q + 1 and q — 1 
respectively; furthermore one expects these operators to give a bridge between 
the modular representations of G and the above mentioned characteristic zero 
representations of G. We recall below the known results on this matter, as the 
operators we introduce here will be the starting point of the generalizations 
considered in the following sections (cf. I3.3[) . 

The period q + 1 Let k > q be an integer and let 9 g = XY q - X q Y <E 
¥ q [X, Y] . (Dickson proved that this polynomial is one of the two generators 
of the ring of SL2 (F 9 )-invariants in the symmetric algebra Sym* F 2 ., so we will 
call it the Dickson invariant). Let us denote by 9 also the G-equi variant map 
det <8>M fc _( 9+1 )— >M k given by multiplication by & q . 
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Proposition 2.6 For k > q, there is an exact sequence of G -modules: 

-> det ®M k _ {q+1) °l M k -> Indg (r/ fc ) -> 0, 

where B is the subgroup of G consisting of upper triangular matrices, and r\ is 
the character of B defined extending the character diag(a, b) t— > a of the standard 
maximal torus of G . Furthermore, for any integer \ > there are isomorphisms 
of G- modules: 

M k M fc+A(g _ 1} 

det®M fc _ (9+1) ~~ det®M fe+A (<r-i)-(«+i) ' 
where the inclusion det ®M k+ x(q-i)-( q +i) ^ ^k+x(q-i) * s induced by the mul- 
tiplication by O q . 

Proof The above result is standard; cf. [16 , Proposition 2.7. ■ 

The period q — 1 The period g — 1 is studied in [IB]: here we just recall the 
main result proved there. The starting point is the G-equivariant derivation 
D : Wq[X,Y]->W q [X,Y] defined by Serre as: 

D: f(X,Y)^>X«?L(X,Y) + Y*2L(X,Y). 

This map defines by restriction an intertwining operator M k — >M k+ ( q _i) for 
any k > 0, giving rise to a weight shifting by q — 1. The kernel of D is often 
non trivial (16 , Proposition 3.3), and D captures essential properties related to 
the existence or non-existence of embeddings of G-modules of the form M k — > 
Mfe + (q_i) ([E], Proposition 3.5 and Proposition 3.6). 

We now assume, for the rest of this paragraph, that p is an odd prime. If 
we restricted ourselves to weights 2 < k < p — lwe have the following exact 
sequence: 

-> det <g)M fe _ 2 ^ ~~R7TTir "> coker 9 9 -> 0, 
L>(M k ) 

where 9 = O g (mod D(M k )) is induced by the Dickson invariant. 

Theorem 2.7 Let q ^ 2, 2 < k < p — 1 mt/i ^ 2±- and let us denote by 
S (x fc ) i/ie cuspidal Q p -representation of G associated to the kth-power of the 
Teichmiiller character \- Let C be the Deligne-Lusztig variety ofSL 2 /r ■ There 
exists a canonical W(¥ q ) -integral model 

s (x k ) ■= H lm S {C/¥ q )-k 

o/S(x fe ), arising from the (—k)-eigenspace of the first crystalline cohomology 
group ofC/f , such that there is an isomorphism of¥ q [G]-modules: 

(Here the {—k)-eigenspace of H^ lis (C/f q ) is computed with respect to the natural 
action o/kex(Nm F x 2/ , F x) on H^. is (C /¥q )). 

Proof [15], Theorem 4.2. ■ 
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2.3 Determination of Jordan-Holder constituents: the case 

9 = 1 

Assume g is any positive integer. For convenience, we give the following non 
standard definition: 

Definition 2.8 Let M G K (G) be of the form M = e m nf=o M k] where 
to, ko, •••) kg-i G Z. We say that the Jordan- Holder factors of M can be com- 
puted in the standard form (using (A g ), (S g ) and {Tl g )) if, by applying finitely 
many times the identities of Provosition [275[ together with the identities e q ~ x 
1 and a 9 — 1, we can write M as: 



where J is a finite set and for any j G J we have rij, mj, k , k g l 1 G Z 
such that rij ^ 0, < mj < q — 1, < fcg , kg_ x < p — 1 <™rf, if G J mi/i 
i j' then {mj, k$\ fe^i) ^ ( m j'j &o ^ •••> ^a-i)' (Notice that the integers 
nj, mj, , are uniquely determined by M). 

Similarly one defines the notion of computability in standard form for an 
element of K (G) that is given as an algebraic sum of products of elements of 
the form M — e m Yii=o • Also, in an obvious way, one defines computability 
in standard form using any subset or superset of the identities (A), (£) and (II) 
(together with the identities e 9_1 = 1 and a 9 = \). 

Lemma 2.9 Let g be any positive integer and let n,m G Z such that n, m > 0. 
By applying (Jl g ) we obtain the following identity in Kq(G) : 

Emin{n.m} 
e' i M„ +m _ 2l . 
2—0 

Proof We induct on n. For n = the statement is true; for n > we have, 
assuming m > 0: 



M n+1 M m = M n+m +i + eM n M m -! 

a {n,m-l} J+y 

Emin{n-|-l,m} 
2=1 



Emm{n,m- 1} . ^ 
?,=0 



n+m+1 "I" e Ivl (n-\-l)-\-m-2i 



^ — ^m.in{n-|-l,m} 

V e l M (n+1)+m _ 2t . 



Corollary 2.10 For any positive integer t and any integers ni,...,n t > we 
have: 

where A is a finite set and s a ,r a > for any a G A. 
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Proof It follows from applying (IT g ) and inducting on t. ■ 

The following proposition guarantees that, if g — 1, (Ai) and (Si) are 
enough to compute explicitly the Jordan-Holder factors of any of the modules 
M k for k e Z. 

Proposition 2.11 Let g = 1. For any m,k G Z, we can compute the Jordan- 
Holder factors ofe m Mk in the standard form, using (Ai) and (Si). Further- 
more, by using also (III), we can compute the Jordan-Holder factors in the 
standard form for any algebraic sum of products of e m Mfc 's. 

Proof The second assertion in the statement of the proposition follows 
from the first one, together with Lemma 12.91 To prove the first assertion, we 
can assume m = and, using (Ai), we also suppose k > 0. Write k — np + r 
where n is a non- negative integer and r is an integer such that < r < p — 1 . 
We induct on n. 

If n = 0, there is nothing to prove. Assume n > 1 is fixed and that 
we can compute the Jordan-Holder factors of in the standard form, us- 
ing (Ai), (Si) and (Hi), for any k of the form k = n'p + r' where < n' < 
n — 1 and < r' < p — 1. If0<r<p— lwe have, applying (Si), that 
M np+r = M ( „_i) p+ ( r+ i) + e(M(„_i )p+ ( r _i) - M(„_ 2 ) p+r ). If r ^ 0,p - 1 
we are done by induction assumption. If r = 0, then M np = A/(„_i) p+ i + 
e(M(„_ 2 ) p +(p_i) — Af( n _ 2 )p) and we are done. If r = p — 1, just notice that 
Af(„-i) p+p = M np = Af(„-i)p+i + e(M( n _ 2 )p+(p-i) - M( n _ 2 )p). (When n = 1 
one sometimes needs to apply (Ai) to canonically compute the constituents of 
the virtual representations appearing in these identities). H 

2.4 Application to elliptic modular forms 

In this section we summarize some weight shifting results for elliptic modular 
forms modulo p in terms of cohomology of groups; the main references are [3], 
[7], |16j . We assume p > 3; by a modular form mod p we mean the reduction 
modulo p of a form in characteristic zero - as defined by Serre and Swinnerton- 
Dyer, unless otherwise specified. 

Let N > 5 be a positive integer not divisible by p and denote by Mk(N, ¥ p ) 
the Fp-vector space of mod p modular forms for the group Ti(iV) having weight 
k > 2 and with coefficients in F p ; the Hecke algebra Hn, generated over F p by 
the operators T/ for p \ I, acts on this space. The (/-expansion homomorphism 
is an injective map Mk(N, ¥ p ) ^ F p [[g]]. 

The theta operator 6 : Mk(N, F p )— >Af fc+ ( p+ i)(./V, F p ) is defined on g-expansion 
by the formula Q(J2 n a "9™) = J2 n na n q n ; it satisfies 9T/ = ITiQ for any prime 
I ^ p (Ti E Hn)- Denote by E p -\ the normalized form of the classical charac- 
teristic zero Eisenstein series whose g-expansion is given by: 

£ p _i = 1 - 2(p - E„ <7 P -2(n)q n ; 

then S p _i e M p _i(l,Z (p) ) and E p _ x = l(modpZ (p) [[q]}), as 2((2 - p)- 1 = 
0(modp) by the Clausen-von Staudt theorem. Multiplication by the reduction 
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mod p of Ep-i gives rise to a Hecke-equivariant map M k (N 7 F p )— >M k -\-( p -i) (N, F p ), 
that we refer to as the Hasse invariant. 

In view of the Eichler-Shimura isomorphism, the study of Hecke eigensys- 
tems of modp modular forms of weight k > 2 and level N leads to the study 
of the eigenvalues of the Hecke algebra Hn acting on the cohomology group 
H 1 (Ti(N),Mk-2), where T 1 (N) acts on Mu-2 via its reduction modp, and the 
action oIHn comes from the G-action on and it is defined as in [3j. The 

weight shiftings realized on the spaces of modular forms by the theta opera- 
tor and the Hasse invariant have cohomological counterparts. In [3J, Ash and 
Stevens identifies a group-theoretical analogue of the 9-operator in the Hcckc- 
equivariant map induced in cohomology by the Dickson invariant (cf. 12.21) : 

Pi , : fr 1 (r 1 (iV),det;®ilf fc _ 2 ) — > H^T^N), M k+p _ x ). 

Here the twisting by det on the left hand side is a manifestation of the fact that 
the O operator on spaces of modular forms is twist-Hecke-equivariant. 

Edixhoven and Khare identifies in [7] a cohomological analogue of the Hasse 
invariant in the case k = 2 by studying the degeneracy map H 1 (T\ (N), M )® — > 
H 1 (Tx(N) n T (p) , M p -i). In [16[, the £>-derivation defined in[22]is used to 
allow weight shifting by p — 1 for 3 < k < p + 1 : 

Theorem 2.12 Let 9Jt be a non-Eisenstein maximal ideal of the Hecke algebra 
H N . Ifk > ond^Cri^.MfcJan ^ 0, then also F^r^JV), M k+{p -i)) m ^0. 
// < k < p — 1, there is a Hecke-equivariant embedding H 1 (Ti(N), M k )m c— 
JJ 1 (ri(A^), M fc+ ( p _ 1 ))gjt that is induced by the derivation Dif0<k<p — 1, 
and is the map defined in jTjj if k = 0. 

Proof The first statement and the second statement for k ^ are proved 
in [16], Proposition 5.1; the second statement in the case k = is treated in [7], 
2. ■ 

Notice that the above theorem cannot be deduced only by the existence of 
the map D, as for k = the virtual representation M p _i — Mo is not positive in 
Kq (G). A similar situation will occur later on when we will consider the more 
general case of Hilbert modular forms (cf. section [5]). 
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3 Twisted GL 2 (F 9 )-modules and intertwining op- 
erators for g > 1 



We keep the notation of the previous section, so that p is a prime number, g a 
positive integer, and q = p 9 \ we denote by ¥ q a finite field with q elements and 
we fix an algebraic closure ¥ q of ¥ q ; we let a G Gal (F 9 /F p ) be the arithmetic 
Frobenius element and G = GL 2 (¥ q ). If k G Z, is its ith Frobenius twist 
of the virtual representation Mk, for any integer i. 



3.1 Identities in K (G) (II) 

None of the identities in Kq(G) appearing in Proposition 12.51 contains a Frobe- 
nius twist; this implies that, while (A s ), (II 9 ) are all we need to compute 
the Jordan- Holder factors of products of virtual representations of the form Mj, 
(k G Z) when g = 1 (Proposition 12. Ill) , these same three families of identities 
are not enough to work out such a computation when g > 1 . For example, when 
g > 1, the Jordan-Holder factors of M p are {M-j 1 ^, eM p _ 2 } and they cannot be 
found using 

Proposition 3.1 Let g > 1. For any k G Z we have in Kq(G) the identity: 

M k = Mk-pM 1 ^ - e p M k _ 2p . ($ 9 , fc ) 

Proof Fix an embedding l : ¥ q -i — > M 2 (¥ q ) and denote by x G Z p the Te- 

ichmuller lift of x G F* taken via the Teichmuller character we previously fixed. 

Let r be the Brauer character of the virtual representation Mk — Mk- p M^ + 
e p M fc _2 P . Let a, 6 G F* such that a ^ b. We have: 

(fc + l)fi fc - (k - p + l)a fc_p • 25 p + 
+6 2p -(fc-2p+l)a fc - 2p ; 

~fc+l _ ^fe+l ~/c-p+l _ ^fc-p+l ^2p _ ^2p 
= = ^- + 

5-6 a-6 aP-6P 

+a p W ; = . 

a — b 

Both these expressions are zero. If c G F* 2 \F* then det l (c) — c 1+q ; also notice 
that tr(> (c) ; m[ 1] ) = tr(t (c) 17 ; Mi) = tr t (c) ff = cP + c«, so that: 




r( t (c)) 



gg(fc+l) _ gfc+1 



%q(k— p+1) _ xk—p+1 



ci-c 



(fl - 



c« - c 

gfc-2p+l 



1G 



and this is also zero. As r is identically zero on G reg , Mj~ — Mk- p M[ ' + e p Mk-2 P 
is the zero element of Kq (G) . ■ 

Corollary 3.2 Let g > 1; for any k,h G Z i/ie following identity holds in 
K (G): ■ 

Proof Multiplying ($ 9)fe ) by Aff 1 we obtain the identity 

M fc A4 1] = Mk- P (M 1 M h f ] - e p M fc _ 2p A4 1] . 

Applying (Ilg^;,) and distributing the Frobenius action, we deduce that the left 
hand side of this equation equals Mk- P (^M^^ + e p M^]_A — e p Mk~2 P M^ . ■ 

Corollary 3.3 Let g > 1. For any k,h,i G Z we /iai>e m Kq(G) the identity: 

M®Mt 1] ~ e^MjtlX-? = M f-Mt? " e pl+1 M^ 2 X +11 - 
Proof Just apply ith Frobenius twist to ($>' g kh ). ■ 

Remark 3.4 1. By applying the product formula, one sees that ($i) and 
(Si) are equivalent. 

2. Equation (<5>^) (g > 1) has a structure similar to equation (Si): the weight 
shiftings appearing in the latter are by p + 1 and p — 1 (corresponding 
respectively to the degree of the Dickson invariant and of Serre 's derivation 
map); in equation {&' g ), the weight shiftings occurring are by (p, 1, 0, 0) 
and (p, — 1, 0, 0) - the commas separate the shifting constants for tensor 
factors corresponding to Frobenius twistings by er°, a , a 9 ^ 1 . In this 
sense we can think of (<&' g ) as a generalization of (Si) for g > 1. 

3. The reason for which only three (possibly) non-zero terms appear in 
instead of four - as one could have expected by looking at (Si), is that by 
applying weight- shifting of {p, 1, 0, 0) to we obtain e p Mk- p M^\ that 
is the zero module: this phenomenon cannot happen when g = 1. 

4- The reason for which, when g > 1, we were expecting an identity in Kq(G) 
involving weight shiftings by {p, ±1, 0, 0) (and cyclic permutations of 
this) resides in the existence of the partial Hasse invariants and theta 
operators acting on spaces of mod p Hilbert modular forms of genus g. 
Also, for good reasons we do not have weight shiftings by (±l,p, 0, 0), 
as long as g > 2: cf. \4-l\ 
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3.2 Determination of Jordan-Holder constituents: the case 

We know show that equations (A a ), ($ g ), (II ff ) are enough to compute the 
Jordan-Holder constituents of products of virtual representations of the form 
e m nCo M i- K*o,...,fc fl _i eZ). 

Lemma 3.5 Let g > 1; for any k 6 Z, we can compute the Jordan- Holder 
factors of Mk in the standard form, using (A g ),($ g ), (H s ). 

Proof By applying (A 9 ) if necessary we can assume k > 0. If g = 1, the 
lemma follows from the last remark and Proposition 12.51 For g > 2, write 
k = np + r where n, r 6 Z are such that rt > and < r < p — 1. We induct on 
n. 

If n = 0, there is nothing to prove. Assume n > 1 is fixed and that we can 
compute the Jordan-Holder factors of M k in the standard form, using (A g ), ($ g ) 
and (Jig), for any k of the form k = n'p + r' where < n' < n — 1 and 

< r' < p - 1. We have M np+r = M (n _ 1)p+r M-[ 1] - efM (n _ 2 ) P +r by ($ g ); 
the Jordan- Holder factors of e p M(„_ be computed in the standard 

form by induction (if rc. = 1 then M(„_ 2 ) p+r = — e 1-p+r M p _ r _2 by (A s )). 
Also, by induction we have an algorithm that allows us to write Mt n -x)p+ r = 

Ji where / is a finite set and each Ji is of the form e m n^o 1 M$ f° r some 
integers m, fco, fcg-i such that < m < q — 1, < fco, fe g — l < p — 1. It is 
therefore enough to show that we can compute the factors of ^n?=o ^k- J Afj 1 ' 
in standard form, where < m < q — 1, < ko, k g -\ < p — 1. The product 
formula gives: 

(n;:; < ] ) ^ 1] = (ng <) < +1 + e p (ng < ] ) <u- 

If fci ^ p — 1, each of the two summands is either a Jordan- Holder factor 
in standard form, or it is zero. Otherwise we are left with the determination 
of the constituents of the first summand. If g = 2 the latter equals Mj~ Mp^ = 
M fco Mi + ePM ko M [ p} 2 = M ko+1 + eM ko -i + eVM ko M p % and this is not in 
standard form if and only if fco = p — 1, in which case we can compute the 
constituents of Mk a +\ — M p in standard form by using M p = + 

eAf p _ 2 . 

Assume now g > 2 and ki = p — 1. We have, applying ($ g ): 

(nt"o<) < = (ng. as) c^i) m +* p (nt">s) < 2 - 

The second summand is already in standard form; for the first summand we 
have: 

(n « Mg) (Af fc2 Mi)' 2 ' = (n « ^ ] ) <V!+^ 2 (n « ^) <l, 

V #1,2 / \ #1,2 / V #1,2 / 
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If &2 7^ P — 1; each of the two summands is either a Jordan- Holder factor in 
standard form, or it is zero. Otherwise we are left with the determination of 
the constituents of the first summand. We proceed as before, distinguishing the 
cases g = 3 and g > 3. It is easily seen by induction that the algorithm produces 
the Jordan- Holder factors of the virtual representations appearing in each step 
as long as fci ^ p — 1 for some 1 < i < g — 1. If k\ = ... = k g —i = p— 1, we are left 
with the determination the Jordan-Holder factors of Mk Mp 9 ~^ = Mfe (Mi + 
e p3 1 ). By the product formula, we just need to find the constituents 

of Mk +\. if kg p — 1 this is an irreducible representation; otherwise M p = 
M-f 1 ' + eMp_ 2 and we are done. ■ 

Corollary 3.6 Let g > 1. Then (A g ), ($ g ), (II 9 ) imp??/ (E s ). 

Proof By the previous lemma, we can compute the Jordan-Holder factors 
of each summand appearing in (E g ) (in standard form). Since we know a priori 
that the Jordan-Holder factors appearing in the right and left hand sides of 
(Eg) have to appear with the same multiplicities, (E g ) is a consequence of 
(A g ),($ g ),(H g ). ■ 

Notice that we were able to show that (A g ), ($ s ), (n g ) imply (E g ) because 
we knew already that (E g ) was true. It does not seem to be an easy task to 
directly deduce Serre's relation from the set (A g ), ($ g ), (n g ). Serre's relation 
will allow sometimes to bypass long computations involving Frobenius twists - 
this will turn out to be useful in [17 for g > 1, where we will give an explicit 
presentation of the ring Ko(G). 

We can finally prove: 

Theorem 3.7 Let g > 1. Using (A g ), (<I> g ), (n g ) we can compute the Jordan- 
Holder factors in the standard form for any algebraic sum of products of virtual 
representations of the form e m Y\i=o -^1 ( m i ^o, ^g-i £ %•)• 

Proof If g = 1, this is just Proposition ^. 51 Assume g > 2; by applications of 
(A g ) and of Lemma l2.10i it is enough to prove that we can compute the Jordan- 
Holder factors in the standard form for the representation M = (^f^ 1 M^} 
(fco, > 0). We induct on dimp^ M. If dim^ M = 1, we are done, 
otherwise we distinguish two cases. 

Case 1 : There is some i, < i < g — 1, such that is reducible. 
By applying an appropriate Frobenius twist, we can assume without loss of 
generality that Mk is reducible. By the previous lemma, we can compute the 
Jordan-Holder factors of Mk in the standard form, say Mk — Y^hei ^ h m 
Ko(G), where / is a finite set with at least two elements and each Jh is a non- 
zero composition factor of Mk , written in standard form. It is then enough to 
compute in standard form the constituents of Jh Yii=i M$ for each h G /. Fix 
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an element h £ /; up to twisting by a power of e we can assume Jh = Yii=o M r 
where < ro, ...,r ff _i < p — 1, so that an application of Lemma 12.91 gives: 



•Mf ,' m$ = M ro n 9 r AM n M ki f = 

rp— 1 / ^ — ^min{ri,fci} 



^ II, , (X ; „ '<'".w, m 

min { ,^ s} (1] [g _ x] 

. „ e iva ro iv/i ri+fci-2ji- JKJ r 9 _iH 



, r s _i+fe 9 _i-2j 9 _iJ 
(x<i< a -i) 

where s (ji, j g —i) 6 Z and the last summation is over the 5 — 1 indices 
jl, -,jg-l- Since 

dim F , (M ra ® M^ +ki _ 2n ® ... ® ^gl 1 1 +fc 9 _ 1 _2i 9 _ 1 ) < diniF, M 

for any value of ji, ...,j g —x, by induction assumption we can compute the Jordan- 
Holder constituents of Jh YlfZi in the standard form. 

Case 2 : For any i, < i < g — 1, the representation M ki is irreducible. 
By the previous lemma, we can assume - up to twistings by powers of e - that we 
have written — YljZo (!) f° r am/ < i < <? — 1, where < 7q , r g _ x < 
p — 1 . Then: 

«=ni:>e=n:::(n::> r? ») bl . <u 

Applying on/y the product formula (cf. Corollarv l2.10p . we can write: 
r9 -l N M 



IT M m ) =Y eSM^ , (2) 
lli=0 r J/ ^'a J BA j S' w 

where, for any < j < g — 1, Ay is a non-empty finite set and s a . , r a . > for 
Q!j G A,-. Combining (JXJ) and (0) we obtain: 

M = E «i€A J e'^-'-^-^M r I™ ...Mir 11 ' ( 3 ) 

(o<k 9 -i) 

where s(aoi a g~i) £ Z and the summation is over the g-tuples (ao, ctg—i) G 
Ao x ... x If each of the sets A , ...,A g _x contains exactly one element, 

then for any < j < g — 1, at most one element in {r^, ■■■T r j 9 ^} is positive. 

Indeed, if this were not the case, there would be some j such that Tj , r^ > 
for some a, 6 with 0<a<b<g — 1; then by only applying the product formula 
we would obtain: 



Since r^ — l,rj- — 1 > 0, the left hand side above contains at least two 
non-zero summand, contradicting the fact that by only applying the product 



1 b'l 
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formula we could also write flli=o ^ r (i) ) = e Si Mr} for some integers Sj,Tj. 
We conclude that if each of the sets Aq, ...,A g -\ contains exactly one element, 
then M is irreducible and ((TJ) is the standard Jordan- Holder form of M. 
If there is < j < g — 1 such that Aj has at least two elements, then in ([3]) 
at least tow non-zero terms appear, so that each of the summand of ([3]) has 
dimension strictly less than dirtiF M , and by induction we are done. I 



3.3 Families of intertwining operators for g > 1 

For .9=1, one has available two intertwining operators acting on F p [G]-modulcs 
and shifting weights by p±l, namely the Dickson invariant Q q and the derivation 
map D (cf. 12. 2[) . For g > 1, equation and the existence of partial Hasse 
invariants and theta operators acting on spaces of mod p Hilbert modular forms 
(cf. [1]) suggest that there should be other intertwining operators between 
modular representations of G, generalizing Q q and D. In this section we will 
construct such operators. 

Unless otherwise specified, we will always assume g > 1, and we will consider 
all the tensor product over ¥ q (q = p 9 ). 



3.3.1 Generalized Dickson invariants 

Definition 3.8 For any integer (3 such that 1 < /3 < g — 1, the (non-twisted) 
generalized /3 th Dickson operator is the element 

Qd = x® y p9 ^ - y® x p9 ~ 8 

of the G-module M x ® M^}_f, . 

For integers a, /? such that < a < g — 1 and 1 < /3 < g — 1, the a-twisted 
generalized /3 th Dickson operator is the element 

of the G-module Al[ a] ® M [ °±/ ] . 

Lemma 3.9 Let k,h be two non-negative integers and let a,/3 be two integers 
such that < a < g — 1 and 1 < (3 < g — 1. Multiplication by Sj^ m f/ie ¥ q [G] - 
algebra ¥ q [X,Y]^ ® ¥ q [X, Y] I Q +' 3 ] induces an injective G-homomorphism: 

®f : det p ° ®M| Ql i» i» Mf + +fl p . 

Proof We can assume a — 0. To prove G-equivariance of the map Qp, it is 
enough to show that 76,3 = det7 ■ 6^ for all 7 e G. Let 7 = eG; then 
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7O/3 equals: 

(aX + cY) <g> {b^X + dfY)P s ~" - {bX + dY) ® {of X + c^Yf 9 ^ 
= (aX + cY) <g> {b q X p3 ~' 3 + d q Y p3 ' 13 )-(bX + dY) <g) (a"X p9 ~" + c 9 F p9 ^ ) 
= (al + cY) <g> (OT p9 ^ + dF p9 ^ ) - (MT + dF) ® (fll"'^ + cY pg ~ P ) 
= adX ® yf 9 ~ 8 + 6cF <g> X p9 "' 3 - 6cX <g> y p9 ~^ - adY X p9 ^ 
= dct 7 - (x®y p9 ^ -F(g)X p9_ ' 3 ) 
= det7-6 / 3. 

To show injectivity of 8,3, notice that there is an isomorphism of F g [G]-algebras 
V g [X,Y] <S)F q [X,Y}W ~ ¥ q [Z,W,TP'\UP P } obtained by sending the ordered 
tuple (X ® 1, Y <g> 1, 1 <g> X, 1 ® F) into the ordered tuple (Z, W, , ), were 
we are letting G acts on Z, W, T, U as follows: f° r 7=(cd) < = < - 1 '' 

7 Z = aZ + cW, 
7 W = 6Z + dW, 
7 T = aT + cZ7, 
7 ?7 = 6T + d*7. 

Under the above identification, the map Qp corresponds to multiplication by 
ZU q - WT q on ¥ q [Z, W, T pi> ,U pP ], and it is therefore injectivc. ■ 

In addition to the above operators, the classical Dickson invariant also gives 
rise to an intertwining map: 

Proposition 3.10 Let k be a non-negative integer and let a be an integer such 
that < a < g — 1. Let = XY q — YX q be the classical Dickson invari- 
ant, viewed as an element of M q °^_ l . Multiplication by 0l Q l in the ¥ q [G]-algebra 
V q [X, y]l a I induces an injective G-homomorphism: 

Proof This follows from section [2~2l ■ 

Notice that the operators G^ 1 and 6 [al (0 < a < g - 1, 1 < /3 < g - 1) 
pairwise commute, as it follows by seeing them as multiplication by polynomials 
in some polynomial algebra over ¥ q (cf . the end of the proof of Lemma 13.9ft . 

Remark 3.11 Let us fix a convention that will make the notation easier in 
the sequel. For non-negative integers kg, fe 9 — i, the G-module Mk £5 <8> 

...(g) m| 9 ^ will be identified with the G-module obtained by permuting in any 
possible way the tensor factors. Also, for integers a, ft and any G-module M, 
the notation M^- a+ ^ will denote the jth Frobenius twist of M , where 7 is the 
smallest non-negative integer such that 7 = a + f3(modg). 
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We can summarize the above results as follows: 

Theorem 3.12 Let us fix non-negative integers k , . For any integers 
a, ft subject to the constraints < a < g — 1 and 1 < ft < g — 1, t/iere are 
pairwise commuting injective G -intertwining operators as follows: 



9f ] : det^ ® (g) i Mg — (®^ >a+/! <) ® < +1 ® <^-, 5 



: dfit pO ®0.Mg — > ((g) m£) 



fe a +(g+l) ' 



where the tensor products indices run over the integers i such that < i < 
g — 1, unless otherwise specified. 

Remark 3.13 The operators ©j^! for < a < g — 1 give, under suitable as- 
sumptions, cohomological analogues of the theta operators defined in fljl in the 
context of Hilbert modular forms. We do not know of any geometric interpreta- 
tion of the other generalized Dickson operators. 

We can picture the weight shiftings allowed by the g(g — 1) + g = g 2 gener- 
alized Dickson operators with the following self-explanatory tables: 



9! (l,pe-\ 0,0,..., 0,0) 

e[ 1] (o,i,^-\o,...,o,o) 

e' 21 (o,o,i,pf-\...,o,o) 

e^ 21 (o,o,o,o,...,i,^-i) 

e^ 11 (p<>-\ o,o,o, ...,o,i) 



e 2 (i,o,^- 2 ,o,..,o,o) 

©w (o,i,o,^- 2 , ...,o,o) 
e! 21 (o,o, i,o, ...,o,o) 

e|r 21 (p»- 2 , 0,0,0, ...,i,o) 

elf- 11 (o,^- 2 , o,o,..., o,i) 



©9-1 


(1,0,0,0,. 


■Ap) 




(p, 1,0,0,. 


.,0,0) 




(0,P,1,0,. 


-,0,0) 


u s-i 


(0,0,0,0,. 


.,1,0) 


U 9-l 


(0,0,0,0,. 





e (? + 1,0,0, ...,o,o) 

em (o, 9 + i,o,..., o,o) 

era (o,o, g + ...,o,o) 

elf- 2 ! (0,0,Q,...,g + l,0) 

e^n (0,0,0, ...,o, ? + i) 



For example, if g = 2 the generalized Dickson operators give all and only 
the weight shiftings of the form: 

ai(l,p) + a 2 (p, 1) + a 3 (0,p 2 + 1) + a A (p 2 + 1,0), 
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for any non- negative integers ai, a 2 , 03, 04. For g > 2 a new phenomenon occurs, 
as the operators do not allow weight shiftings of the form: 

(l,p,0 ) ...,0,0) ) (0,l,p,...,0,0),...,(0,0,0,...,l,p),(p,0,0,...,0,l). 

This happens not because of limitations intrinsic to our intertwining maps, but 
because of the structure of G-modules: 

Proposition 3.14 Assume g > 2 and let fc, h be integers such that < k, h < 
p — 1. For any integer a such that < a < g — 1 and any integer m, there are 
no G-module embeddings det m ®M l ^ ] ® M^+^-tM 1 ^ ® m'"+ 1] . 

Proof It is enough to prove the non existence of embeddings for a — 0. 
Using and (A 9 ) we have, in K (G): 



M^ p = M^+e^M^ h _ 2 . 

If k T^p— 1, as g > 2, we deduce that the Jordan- Holder factors of M k +\ ® 

are M k+1 ® M l * ] <g> m] 2] and det p(h+1) ®M k+ i ® M^ fc _ 2 , unless /i = p - 1, in 
which case only the first factor occurs. None of these factors coincides with 
det™ ®M k ®M^ ] . 

If k = p - 1, write M p = m[ 1] + eM p _ 2 in iT (G). Applying (II S ) we obtain: 

mma p - K 1 + ^-*) K 1 ^ 21 + ^ (h+i) <v 2 ) 

If /i 7^ p — 1, the above formula shows that none of the Jordan-Holder factors of 
M p <g) M£J. p equals det m <®M P - X ® M [ ^ ] . If h = p - 1, we have: 

M p Mg_i = Mj 2] Mj 21 + e p M™ 2 Mf + + eM^M^Aff 1 

= M 2 2] + e p 2 + 2e p M p %Mf ] + eM p _ 2 M p \Mf ] , 

and det m ®M p _i (g) is not a constituent of M p <8> M] p ] _i if p ^ 2. If p = 2, 

decomposing M 2 1 we get to the same conclusion. ■ 

We conclude this section by noticing the following consequence of Proposi- 
tion [ 



Proposition 3.15 Let us fix non-negative integers ko, fc g -i- For any integer 
a such that < a < g-l consider the G-map <d [a] : det p ° <g> (g^ M^-> (® i#Q M [ k \ 



M k} Hq+ iy We have: 



cohere^ ~ (<S>^ a M k!) ® [ Ind i ('7^ +2 ) 



24 



where B is the subgroup of G consisting of upper triangular matrices, and 
rj is the character of B defined extending the character diag(a, b) i-> a of the 
standard maximal torus of G. 

Remark 3.16 Even though the Jordan-Holder constituents o/cokerOj^' can 
be explicitly computed using the results of this paper, We do not know of any 
interesting description of the cokernel of the operators O^*' . 

3.3.2 Generalized D-operators 

Let us denote by dx (resp. dy) the operator of partial derivation with respect to 
X (resp. Y) acting on the polynomial algebra ¥ q [X, Y]; if / e ¥ q [X, Y], denote 
by the same symbol the F g -vector space endomorphism of ¥ q [X, Y] induced by 
multiplication by /. The operators dx ® f,dy ® f,f ®dx and / ® dy are 
therefore derivation of the F 9 -algebra ¥ q [X, Y] ® ¥ q [X, Y]. 

Definition 3.17 Let k, h be two non-negative integers. For any integer (3 such 
that 1 < f3 < g — 1, the (non-twisted) generalized (3th D-operator is the 

¥ q -vector space homomorphism: 



For any integers a, (3 such that < a < g — 1 and 1 < f3 < g — 1, the a- 
twisted generalized (3th D-operator is the ¥ q -vector space homomorphism: 



Lemma 3.18 Let k,h be two non-negative integers and let a, (3 be integers 
such that 0<a<g-landl<(3<g-l. The operator D [ f : M l k a] ® 

^M^^M^^Lf, is a G -homomorphism; it is injective ifO < k < p—l 
and < h < p — 1 . 

Proof By twisting, we can assume that a — 0. Fix f\ e Mk, fi G and 
let 7 = ( " d J € G; denote by 7 ' the matrix I a c ,p da p J , where a denotes the 
arithmetic Frobenius element of Gal(F 9 /F p ). Dp (7(/i <8> $2)) equals: 



[a ■ (dxfi) ilX^Y) + b ■ (d Y fi) (jX,jY)} ® X^" f^X^Y) 
+ [c • (dxfi) {iX,iY) + d ■ (dyfi) hX, 7 Y)} ® Y^'" '/j^/y) 
- (dxfi) hX, 7 Y) ® (aX^ +cYP 9 ~ fi )f 2 (^X,^Y) 
+ (dy.h) (yX^Y) ® (bX p9 ~* + dY^'^U^X^Y) 



For the injectivity statement, notice that if0<fc<p— 1 and < h < p — 1, 
then Mk ® is an irreducible G-module, so it is enough to show that Dp is 



D p = d x ® X pS ~ +d Y ® Y p3 ~ : M k ® M% 



M fe _i ®M 



r[0 

h+ps-f ■ 
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non-zero on M k <g) M l h 0] . We have D {X k ® X h ) = kX^ 1 <g> X h +P 3 , and this 
is non-zero as k is prime with p. M 

In addition to the above operators, the D-map defined by Serre also gives 
an intertwining map: 

Proposition 3.19 Let k be a non-negative integer and let a be an integer such 
that < a < g — 1. Then the Frobenius twists of Serre's operator — 
X q dx + Y q dy define G-homomorphisms: 

nM ■ M [a] ► M [a] 

which are infective if 1 < k < p — 1 . 

Proof After twisting, we can assume a = 0. The result then follows from 
section 12.21 and the irreducibility of in the range 1 < k < p — 1. ■ 

We can summarize the above results as follows: 

Theorem 3.20 Let us fix non-negative integers Jcq, k g -%. For any integers 
a, ft subject to the constraints < a < g — 1 and 1 < ft < g — 1, there are 
G -intertwining operators as follows: 

D [a] ■ (8), ^ -> ((g) j¥Q MM) ® < \ {q _ iy 

where the tensor product indices run over the integers i such that < i < g — 1, 
unless otherwise specified. IfO < k a < p—1, then is infective; if in addition 
< k a+ p < p — 1, then Dp is infective. 

Remark 3.21 The operators D g a \ for < a < g — 1 give, under suitable 
assumptions, cohomological analogues of the partial Hasse invariants defined in 
fj]/ in the context of mod p Hilbert modular forms. We do not know of any 
geometric interpretation of the other D-maps introduced above. 

We can picture the weight shiftings allowed by the g(g — 1) + g = g 2 gener- 
alized £>-maps as follows: 



D x 


(-l,^- 1 , 0,0, ...,0,0) 




(o,-i,^-\o,...,o,o) 




(cc-i,^- 1 , ...,0,0) 


D [9-2] 


(0,0,0,0, 


D [9-l] 


(p°-\ 0,0,0, ...,0,-1) 



D 2 (-l,0,^- 2 ,0,...,0,0) 

D l i ] (0,-l,0,p»- 2 ,...,0,0) 
4 2] (0,0, -1,0,..., 0,0) 

£> 2 9 ~ 21 (p 9 - 2 , o,o,o, ...,-i,o) 

L>^ 1] (0,p 9 ~ 2 ,0,0,...,0, -l) 



2G 



(-1. 0,0,0,..., 0,p) 

(p, -1,0,0, ...,0,0) 
Df_ x (0,p,-l,0,...,0,0) 

D [ ^ ] (0,0, 0,0,..., -1,0) 
dI 9 ^ (0,0,0,0,...,p,-l) 



D 


(g- 1,0,0, ...,0,0) 




(0,? -1,0, ...,0,0) 


D m 


(0,0,g-l,...,0,0) 


£)[9-2] 


(0,0,0, 1,0) 


Dto-i] 


(0,0,0,..., 0,g-l) 



Similarly to what happened for the generalized Dickson operators, the non 
existence of shiftings of the form 



(-1, p, 0,..., 0,0), (0,-l,p,..., 0,0),..., (0,0, 0,...,-l,p),(p, 0,0,..., 0,-1) 

when g > 2 is a consequence of the structure of the irreducible G- modules: 

Proposition 3.22 Assume g > 2 and let k,h be integers such that < k,h < 
p — 1. For any integer a such that < a < 5 — 1 and any integer m, there are 
no G-module embeddings det m ®M%* ] (g> Aff +1] -)-Af^ 1 ® M^+ 1] . 

Proof It is enough to consider the case a = 0; we can also assume that 
k ^ 0. Using formulae (<5> 3 ) and (A s ) we have, in K (G): 

As g > 2, the Jordan-Holder factors of M k -i ® Afl+p are M fe-i ® Af^ 1 A/j 21 



and det p '' 1+1 * 1 (g)Affc_i (g> Afj;_ h _ 2 , unless h = p — 1, in which case only the first 
factor occurs: none of these factors coincides with det m ® Aft <8> AT,' 1 ' 



[i] 

l 2 , uiucuD ft — ^ - X, LXi wjjawj 

We conclude by noticing the following consequence of Theorem 12.71 

Proposition 3.23 Let us fix non-negative integers fco, ...,fc s _i; let a be an in- 
teger such that < a < g — 1 and assume 2 < k a < p — 1, k a ^ Consider 

the injective G-map £>M : flW : ®. (<g) i#ct M [ A ® M [ ^ +[q _ iy We 

have: 

cokerDWc^AfW)®^^)] 1 " 1 , 

where: S (x fe °) = H^ lis (C/^ )-k a ®w(w q ) ^q> C is the Deligne-Lusztig variety 
of SL 2 /F q and the {—k a )-eigenspace of H* lis (C/F ) is computed with respect to 
the natural action of ker(Nm F x y F x) on H^ lis (C^ g ). (Here W(¥ q ) denotes the 

ring of Witt vectors of¥ q ). 
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Remark 3.24 We do not know of any interesting description of the cokernel 
of the operators . The Jordan-Holder constituents of coker can be ex- 
plicitly computed using the results of this paper. 
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Part II 

Weight shiftings for automorphic 
forms 

We apply the results of the previous sections to obtain weight shiftings for 
automorphic forms on definite quaternion algebras whose center is a totally real 
field F unramified at the prime p > 2. In section |4] we mostly treat the case in 
which the tensor factors - corresponding to the prime decomposition of p in F - 
of the weight that we want to shift are all of dimension greater than one: this is 
what we call a weight not containing a (2, 2)-block. In section [5] we consider 
shiftings for irreducible weights that contain a (2, 2)-block. 



4 Shiftings for weights not containing (2, ...,2)- 
blocks 

Let us fix some notation that will be used throughout this section and the next 
one. Let F be a totally real number field of degree g over Q, and let p > 2 be a 
rational prime which is unramified in F/Q. Denote by Of the ring of integers 
of F and write: 

where the tyj's are distinct maximal ideals of Of- 

Fix an integer j with 1 < j < r. Let fj be the residual degree of over 
pZ, so that Ftp. := Of/^j is an extension of ¥ p = Z/pZ of degree fj. Let Ftp. 
be the completion of F at CPj, and denote by Of v . its ring of integers. Fix an 

algebraic closure Q p of Q p ; let n be the positive least common multiple of the 
integers fx, f r and let E be the maximal unramified extension of Q p inside 
Q p having degree n over Q p , so that Hom(F, Q p ) = Hom(F, E). Denote by O 
the ring of integers of E and let F be its residue field. Let a be the arithmetic 
Frobenius of the extension E/Q p . Set: 

Hom(F<p 3 , E) = {a\ j) : < i < - l} , 
where the labeling is chosen so that, for any i, we have: 

Here the subscripts read modulo fj and in the range < i < fj — 1. 

Denote by a bar the analogous morphisms for the residue fields, so that a is 
the arithmetic Frobenius of the extension F/F p , and: 

Hom(Ftp j , F) = {W^ : < i < fj - 1} 
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are labeled so that: 

where the subscripts read modulo fj and in the range < i < fj — 1. 

We let be the topological ring of adeles of F, and we denote by A|? the 
subring of finite adeles. We let 9JIfj (resp. 9JIf,oo) be the set of finite (resp. 
infinite) places of F and we identify OJtpj with the set of maximal ideals of Of- 



4.1 Some motivations: geometric Hilbert modular forms 

Denote by dp the discriminant of F/Q and fix a fractional ideal a of F with its 
natural positive cone a + , so that (a, a + ) represents an element in the strict class 
group of F. Let N > 4 be an integer and recall that, by previous assumptions, 
p does not divide cIf- Let S be a scheme over Spec(Z[^L]). 

There is an iS-scheme M. parametrizing isomorphism classes [(A, A, i, e)/T / S] 
of (a, a + )-polarized Hilbert-Blumenthal abelian T-schemes (A, A) of relative di- 
mension g (T is an S'-scheme), endowed with real multiplication i by Of, Mat- 
lcvel structure e, and satisfying the Deligne-Pappas condition (or, equivalently 
since (If is invertible in S, satisfying the Rapoport condition). M. has relative 
dimension g over S and is geometrically irreducible; see [3] and [T] for more 
details. 

Let G = Resa F /z,(G'm,o F ) be the Weil restriction to Z of the algebraic 
O^-group G m ,o F - F° r an Y scheme T, denote by X T = Hom(GxjG m! y) the 
group of characters of the base change Gt of G to T. If S is the scheme over 
Spec(Z[^]) fixed above, a geometric (a, a + )-polarized Hilbert modular form / 
over S having weight x £ and level fj, N is a rule that assigns to any affinc 
scheme Spec(i?) — > S, any i?-point [(A,X,L,e)/R/S] of M, and any generator 
u of the R <g>z ©F-module / H , an element /(A, A, t, e, ui) £ R such that: 

f(A, A, t, e, a _1 w) = x(a) • /(A, A, t, e, w) 

for a S G(i?), and such that some compatibility conditions are satisfied (cf. pQ, 
5). We denote by M x (/i N , S) the r(S', 0g)-module of such functions. 

We remark that the formation of spaces of geometric Hilbert modular forms 
does not commute with base change: for example, if g > 1 and 1 < j < 
T, < i < fj — 1, the (j, j)th partial Hasse invariant that we will consider 
below is a non-zero, non-cuspidal modular forms over SpecF<p j that cannot 
be lifted to a modular forms over Spec the natural reduction morphism 
M x (ii N , Of)— >M X , Fqj^ ) is in general not surjective. 

Assume g > 1 for the rest of this paragraph. We consider modular forms 
over S = Spec(F). The labeling of the embeddings for 1 < j < r and 
< i < fj — 1 induces a canonical splitting: 

G F = 0. (ReS]f v ./F p (^m,F<)3, .) x SpccFp SpecF) 
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such that the projection X(j,i) 01 onto the (j, z)th factor is induced by 5j . 
The character group of Gp is the free Z-module or rank 5 generated by these 
projections. A geometric Hilbert modular form over Spec(F) whose weight is 

n£=i Ilf^o 1 Xu i) f° r some af^ e Z is also said to have weight vector a = 

(a^, ...,aM) where aV> = (a ( j) , ...,ctfLi) for 1 < j < r. 

Theorem 2.1 of [10] shows that, for any 1 < j < r and < i < fj — 1, there 
is an (a, a + )-polarized Hilbert modular form h^^) over Spec(F) having weight 

i^Xiji) arL( i level 1, whose g-expansion at every (a, a + )-polarized unramified 
Fp-rational cusp is one. huj\ is called the (j, i)th partial Hasse invariant. As 
mentioned earlier, the forms ^ are not liftable to characteristic zero; even 
the total Hasse invariant, i.e., the form h = FJ^. ^ having parallel weight 

(p— l,f>— 1, ...,£>— 1), is not always liftable to characteristic zero (cf. Proposition 
3.1 in [10]). 

As a consequence of the existence of the partial Hasse invariants, one can 
produce (geometric) weight shiftings. More precisely, fix an integer j such that 
1 < 3 ' < r an d assume x G is such that M x (/j, N ,¥) 7^ 0; denote the weight 
vector associated to x by a = (a^\ ...,a^). Multiplication by hu t i\ for an 
integer i such that < i < fj — 1 induces a Hecke injection (weight shifting) of 
M x (fj, N ,¥) into M x '(fj, N ,¥), where the weight vector associated to x' is a + i 
and t = (iW,...,t») is such that = () if r ^ j, while t^') is one of the 
following /j-tuples: 

(-l,0,0,...,0,p) if i = 0, 
(p, -1,0, ...,0,0) if » = 1, 
(0,p,-l,...,0,0) if « = 2, 



(0,0,0,...,p,-l) if 1 = ^-1. 

In this case, we will say that hu,i) induces a weight shifting by t. 

In [T3] 2.5. and [T] 12, generalized theta operators acting on spaces of ge- 
ometric Hilbert modular forms over Spec(F) are defined, allowing additional 
weight shiftings. For example, if p is inert in F/Q, these operators induce 
shiftings by the vectors: 

(1,0,0, ...,0,p), 
(p, 1,0, ...,0,0), 
(0,p,l,...,0,0), 

(0,0,0, ...,p,l)- 

The reader will notice that the two sets of weight shifting vectors described 
above are contained in the sets of weight shifting vectors produced in 13.3.11 
and 13.3.21 for F p -representation of GL 2 (F) . Exploiting the adelic definition of 
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Hilbcrt modular forms, we will see that all the geometric weight shiftings can 
be obtained as cohomological weight shiftings via the operators considered in 
Section 3. The purely cohomological picture will be reacher, as more shiftings 
will be allowed. The formation of spaces of adelic automorphic forms on def- 
inite quaternion algebra will have the big advantage of being compatible with 
base changes, under suitable assumptions (Proposition 14. 2[) . Finally, our co- 
homological weight shiftings translate into weight shiftings for (modp) Galois 
representations arising from automorphic forms on GL2(Ap). 

4.2 Automorphic forms on definite quaternion algebras 

We recall the definition and some properties of automorphic forms on definite 
quaternion algebras over totally real number fields. The exposition follows [24) 
and [TS]; cf. also [2"3"] . 

Fix a finite set E C VOIfj that is disjoint from the set of places of F lying 
above p and such that #E + [F : Q] = 0(mod 2). Let D be a quaternion algebra 
over F whose ramification set is 9Hf,oo U E. Let Od be a fixed maximal order 
of D and for any v £ 9JIfj — E fix ring isomorphisms (Od) v — -^2(Of„)- 

Let U be a compact open subgroup of (D <g>p A^) x such that: 

1. U = rbesrtp,/ Uv > wnere u v is a subgroup of (O d )*\ 

2. U v = {O d )* if v£ E; 

3. if v\p, then U v = GL 2 (0 Fv ). 

Let A be a topological Z p -algebra. Let v be a place of F above p, say 
v = Vj := for some integer j such that 1 < j < r; let W Tj be a free 
A-module of finite rank and fix a continuous homomorphism 

Tj : U V] = GL 2 (Of Vj ) — »• Aut(W Tj ), 

where Aut(W r ) is the group of continuous A- linear automorphisms of W r . . Let 
W T = 0j =1 W^t-j , where the tensor products are over A, and denote by r the 
corresponding group homomorphism r : Ilj=i ^ — ¥ Aut(W r ). If no confusion 
arises, we also denote by r the action of U on Wr induced by precomposing the 
latter morphism with the natural projection U — > JXj=i Uv, ■ 

For A as above, let tp : (A|?) x /F x — >A X be a continuous character such 
that, for any v G 9Jt_F,/^ 

T \u no x ( u ) = ' Idw T , for all it £ U v fl C^- 

We say that such a Hecke character ip is compatible with r. 

Definition 4.1 For D,U, A,t,W t and ip as above, the space S T ^(U,A) of au- 
tomorphic forms on D having level U , weight r , character if) and coefficients in 
A is the A-module consisting of all the functions: 

f : D X \(D ® F A^) x — > W T 
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satisfying: 



(a) f(gu) = T(u)- 1 f(g) for all ge(D(g> F Af) x and all uEU: 

(b) f{gz) = i;(z)f(g) for all g £ (D ® F Af) x and all z G (A|?) x . 

As in |15) . we will always assume, unless otherwise stated, that for all t G 
(D® F Af) x , the finite group (U ■ (Af) x Dt- 1 D x t)/F x has order prime top. 
This assumption is automatically satisfied if U is sufficiently small, as Lemma 
f.f. of [24 implies that in this case (U ■ (A|?) x r\t~ 1 D x t)/F x is a 2-group. We 
obtain as a consequence (cf. [23], Corollary 1.2): 

Proposition 4.2 Let B a topological A-algebra. Then the natural morphism 
S T ,ip{U,A) ®a B^S t! 3 A b,iP(& a b{U, B) is an isomorphism of B -modules. 

Define a left action of (D ®f A|?) x on the set of functions D X \(D ®p A^?) x - 
W T by setting (gf)(x) :— f(xg) for all g,x G (D ®p A|?) x . Let S be a set 
of primes of F containing the ramification set of D, the primes above p and 
the primes v for which U v is not a maximal compact subgroup of D x . Let 
Tg™" = A[T„, S„ : v £ S] be the commutative polynomial A-algebra in the indi- 
cated indeterminates. For each finite place v ^ S, let zj7„ be a fixed uniformizer 
for F v . S T ^(U, A) has a natural action of Tg n ^ u , with S„ acting via the double 

coset U and T„ via U J [/ (cf. [24], 1); this action does not 

depend upon the choices of uniformizers that we made. The image of T^™" in 
the ring of A- module endomorphisms of S T ^{U,A) is the Hecke algebra Ts,a 
acting on S T ^{U, A). The isomorphism of Proposition ^. 21 is Hecke equivariant. 

4.3 Behavior of Hecke eigensystems under reduction mod- 
ulo m R 

For a discrete valuation ring R, we will denote by DJIr its maximal ideal. If 
the residual characteristic of R is p > and no confusion arises, we will also 
improperly refer to reduction modulo 9JIr as reduction modulo p. If T is a 
commutative algebra, a system of eigenvalues of T with values in R is a set 
theoretic map f2 : T — > R; the reduction of 51 modulo p, denoted f2, is the 
function obtained by composing Q with the reduction morphism R — > . Let 
RT = R ®z T; if M is an i?T-module, we say that a system of eigenvalues 
Q : T~—>R occurs in M if there is a non-zero element m G M such that Tm = 
Q(T)m for all T G T- Such a non-zero m is called an Jl-eigenvector. 
Fixing R and T as above. We have: 

Lemma 4.3 Let M be an RT -module which is finitely generated over R. If 
Q : T— >R is a system of eigenvalues of T occurring in M, then Cl : T— i-g^- is 
a system of eigenvalues of T occurring in M := M ®r ■ 

Proof Cf. [2 , Proposition 1.2.3. ■ 
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Lemma 4.4 Let M be an RT -module which is finite and free over R. Let 
Cl : 7~— >p^- be a system of eigenvalues ofT occurring in M — M®r-^^. There 
exists a finite extension of discrete valuation rings R' / R such that (~l R = 
9JIr and a system of eigenvalues ft' : T — > R' of T occurring in M (g># R' such 
that, for all T 6 T, fy(T)(mod9Jtfl') = Cl(T) in (Here we view ^ C ^ 
by the given embedding R C R' ). 

Proof Cf. [6], Lemme 6.11. A generalization of the result is given in [2], 
Proposition 1.2.2. ■ 

Let D, U, t, W T and ip be as in !4.2[ and set A = O. In particular, we assume 
that tp is compatible with (r, W T ), U is small enough and p is odd. Denote by 
a bar the operation of tensoring over O with F. From now on, unless otherwise 
stated, we assume fixed a set S of primes of F containing the ramification set of 
-D, the primes above p and the primes v for which U v is not a maximal compact 
subgroup of D* . The Hecke eigensystems considered below will always be with 
respect to the Hecke algebra T^™? for some topological Z p -algebra A'. 

Proposition 4.5 Fix an O-valued weight (t',W t i) together with a compatible 
Hecke character tp' : (A£?) x / F y ^O x such that $ = tp . Let ip : (f , W?) (?', W?>) 
be a non-zero intertwining operator for ¥ -representations of U . ip induces a 
Hecke equivariant map ip^ : S f ^(U,¥)—>S f ,^(U,¥). 

Assume ip is injective: then iftt is a Hecke eigensystem occurring in S T ^(U, O), 
there is a finite extension of E, with ring of integer O' such thatDJlo'^O = DJlo, 
and there is a Hecke eigensystem Q' occurring in S T > m(U,0') such that: 

O' 

fi'(modajto0 = fi(modOJto) in ——. 

VJto' 

Proof For / e S- T ^(U,¥) set <p*(f) ■= V ° /• K 9 G iP ® F A|?) x , u e U 
and z G (A|?) x we have: 

¥>*(/)M = = V = ?(u)- l <p (f(g)) , 

v*(/)Cs*) - v(/G/*)) = (^)/G?)) = 4>{*)<p (/(<?)) • 

Since ^> = we have that f' and "0 are compatible and we conclude that 
¥>„(/) S S^(E/,F). If e (-D ® F A^) x , we have: 

(g ■ <p*(f)) ( x ) = (f°f)( x g) 

= (po(g-f))(x) 

= (^0? •/))(*), 

so that (/? is Hecke-equi variant. Assume now that tp is injective and notice that 
this implies the injectivity of t/v Let f2 be a Hecke eigensystem occurring in 
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the finite 0-module with Hecke action S T ^(U, O); by Proposition ^. 2[ reduction 
modulo p induces a Hecke equivariant surjection: 

n:S T ^(U,0) 6^(17, F). 

By Lemma H31 the Hecke eigensystem £l :— f2(mod SOlo) occurs in S f ^(U, F), 
and hence in S f i ^{U, F) as tp„ is Hecke equivariant and injective. Now, apply- 
ing Lemma B~H to the Hecke equivariant surjection S T i^>(U, 0)—>S f ,j,(U,¥), we 
deduce the existence of a finite extension of discrete valuation rings O'/O such 
that DJlo' nO = 9Jte>, and of a Hecke eigensystem Q' : — > O' occurring in 
S T ',ip'(U, O) ®o O' whose reduction modulo 9Jte>' has value in F C and co- 
incide with VL. By Proposition S21 S r >^>(U, O) ®o O' ~ S T >^(U, O') as Hecke 
modules, and we are done. I 

4.4 Holomorphic weights 

For any integer j such that 1 < j < r let us fix two tuples k^ — (kg , € 

Z( 3 2 and jIJW) = (w^, w^'-i) 6 Define the finite free O-module with 

Gi 2 (C)-action: 

where the tensor products are over C 

If we let the group GL 2 {Op^ ) act on the tensor factor Sym fei ~ 2 O 2 eg) 

det w * 3) (0 < i < - 1) via the embedding GL 2 (Op v .)^GL 2 (0) induced by 

cp' = a 1 o (7q , W/£yj jjfojj can be seen as a representation of GL 2 (Of v .)- We 
convene of viewing GL 2 (Of v .) as a subgroup of GL 2 (0) via the embedding 

<7q 1 , and we write the GL 2 {Of v . )-representation W^ U) as: 

where the superscript [£] indicates twisting by the «th power of the Frobenius 
element a. In the sequel, unless otherwise stated, we always view GL 2 (Op v . ) C 

GL 2 {0) via a ( Q j) . 

Denote by t^ ^^ the continuous action of GL 2 (Of v .) on W,% w )tjJ( m 
and let t^^n = <S)j=i T (fcO) ,50)) > where the tensor products are over and 
fc = (fcW,...,fcM). We have: 

T (^) : II - =1 ) -»• Aut PF (fc - . } , 

with = ®j=i W(£«),«f«>) (tensor product over 0). 
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If there is some integer j such that k^' — (2, 2), we say that the weight 
r (fc w) contains a (2, 2)-block relative to the prime Vfij. This terminology is 
not standard but it is used throughout the paper. 

We say that ^ is a holomorphic weight if there exists an integer w such 
that: 

fc 00 + 2w U) _i = w (*) 

for all 1 < j < r and all < i < fj - 1 (cf. [IT]). 

The pair (k,w) G Z> 2 x Z s is called the parameter pair for T,g ^ . If r,£ is a 

holomorphic weight, it is also determined by the parameter pair (k, w) G Z> 2 xZ, 
with u> as in @. 

4.4.1 Some results on holomorphic weight shiftings 

Lemma 4.6 Let us view the holomorphic weight T^t w \ as an O -representation 

of the fixed level U C (D ® F A|?) x . A Hecke character ip : (A|?) x /F x ^O x is 
compatible with T,g w ^ if and only if the following two conditions are satisfied: 

(a) ip(u) ~ 1 for all u G U v R 0^ , where v G 5D?f./ o^d ^|/$; 

(b) tj)(u) = ( Nm F?! , /(ip (u) J /or aZZ u G , w/iere 1 < j < r. 

Proof The reason for condition (a) is clear, as the representation T,% w \ 
factors through YYj=i GL 2 (Of v .)• Let j be such that 1 < j < r and fix u G 
0£ ; recall that we embed O Fsp . in via <r^ . The matrix ( u u ) G GL 2 (Cf Vj ) 
acts on Wft^ s as the automorphism: 




where Idi denotes the identity map of the O- vector space: 

(Sym^-O^det^) 141 , 

and we used the assumption that the local extension Frg. /Q p is unramified with 
Galois group generated by the restriction of cr to Ftp, . The result now follows, 
as we need to have T| x (u) = • W^. ; . ■ 

Lemma 4.7 Letw be an even integer. Then there exists a continuous character 
^ : (A|?) x /F X ^Z* such that: 
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(a) tp(u) = 1 for all u S O f , where v € VOIfj and v\$; 

( \ w 

(b) tp{u) = \ Nm FVj /Q p (u)) for all u G Op^ , where 1 < j < r. 

Proof The adeles norm map (Ap°) x — > (Aq 3 ) x induces a continuous homo- 
morphismNm : (A|?) x /F X ^(A^) X /Q x . The group-theoretic decomposition 
(Aq , ) x = Q x -Z x induces a continuous isomorphism (3 : (Aq 3 ) x /Q x — >Z X / (-1). 
Finally, the map Y\ l Z x ->Z X dehned by sending the tuple {a{] t G Wi^i into 

6 Z x defines a continuous homomorphism a : Z x /(— 1) — >Z X since to is 
even. We check that the composition tp :— a o (3 o Nm is a Hecke character with 
the desired properties. 

Assume v = CPj \p and view a fixed w G O f as an element of (A|?) whose 

u-component is u and whose w'-component is 1 for all finite places v' ^ v of i* 1 . 
Then Nm(u • F x ) = Nm Fl}J ,/q p (w) • Q x , where we identify Nm^ . /q p (u) with 
the adele of Q whose p-component is the p-adic unit Nm^ /q p (u) G Z x and 

whose other components are equal to 1. Then (a o 0) yNmp^ . /q p (u) ■ Q x ^j = 

(^F Vj /Q p (u)) W GZ X . 

Assume v is a finite place of F lying above some rational prime I ^ p 
and let u G O f viewed as an element of (A|?) x in the usual way. Write 
Nm(« • F x ) = Nmjr /q,(«) • Q x ; since the p-component of Nm^m^u) € Z x is 
trivial, ^>(u) = 1. ■ 

Set A = O and let D, U, (r, W T ) and ^ be as inB~2"l 

Proposition 4.8 Assume r = r^g ^ and r' = r^, ^ are holomorphic O- 
linear weights for automorphic forms on D, with w = w'(modp— 1) and w odd. 
Assume that t,^ w ^ and tp are compatible and that f,^ w -, is isomorphic to an 
F-linear U -subrepresentation of f,p w ,\ ■ Then: 

(a) There is a Hecke character tp' : (A^) x / F x — >O x which is compatible with 

T (k' w') an d suc h that tp — "tp; 

(b) For any Hecke eigensystem Q occurring in S T ^(U,0) there is a finite ex- 

tension of discrete valuation rings O' / O with 9Jlo' (10 = SJto and a 
Hecke eigensystem fi' occurring in S T >^'(U, O ) such that f2 (mod!E9Te>') — 
^(modQJlo). 

Proof Since p > 2, the integer 1 — w' is even. By Lemma \A. 71 there exists 
a Hecke character V" : (A£?) x /F X ^Z X C O x such that ip"(u) = 1 for all 

/ \ l—w' 

v G VJIfj not lying above p and all u G Fv , and ip" (u) = \ Nm Fv ./q p (u) 
for u G Op^ (1 < j < r). By Lemma \£M tp is compatible with t^, 
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Let a denote the reduction modulo 9Jto of the Hecke character ip tp . Since 
w = w' (modp— 1), by the compatibility of tf> with r,g w \ and by the construction 
of ip" j the continuous character a is trivial on the open subgroup 

of (o F CS>z z") . Therefore a factors through a finite discrete quotient of (A|?) x . 

In particular, the Teichmiiller lift a of a is a continuous character (A|?) x /F x ^O x . 
The O x -valued Hecke character -0' := oT 1 is compatible with T,g, « and 

satisfies ^ = so that (a) is proved. 

Part (b) follows by applying Proposition 14.51 with ip chosen as in (a). ■ 

4.4.2 Link with classical automorphic forms on D x 

To conclude this paragraph, we make explicit the link between adelic automor- 
phic forms for a definite quaternion algebra D having holomorphic weights, and 
classical automorphic forms for the algebraic Q-group B associated to D x . 

Set A = E and let r : ]Tf=i GL 2 (Op v .)->■ Aut(WV) be a weight for adelic 
automorphic forms on D as considered in 14.21 suppose W r — W T ai g ® p W T =m , 
where W T sn> is a smooth irreducible ^-representation of YYj=i GL 2 (Of v . ), and 

W T ai g = (^) r _ 1 (^^q 1 (Sym^'^ 2 ^ 2 ® dett " !<J> ) [1 is an irreducible algebraic 
representation of B(Q P ) — (D ®q Q p ) x = YYj=i GL^Ff^^. We assume that 

(i) (i) 

k\ ] +2w\ — 1 equals some fixed integer w for all 1 < j < r and all < i < /j — 1. 
Recall that, as usual, we see F<p. embedded in E via Oq for 1 < j < r; we can 
also write W T ai g = ^ (Sym fc <^ 2 £ 2 det^"). Let ^ : (A|?) x /F X ^E X 
be a Hecke character compatible with r. 

Fix an isomorphism Q„ ~ C, inducing an embedding E ^ C. View ai g := 

M^ T aig (3b C (resp. W T ™> := W T sm ® E C) as a complex representation of B(R) := 
( J D® Q M) X CD(C)-D(Q P ) (resp. of rjj=i GL 2 (Op v . )). Let VF TC :=W T ® S C 
be the corresponding complex representation of GL 2 (Op v , ) x Y\ v \ oa (^ ) D)v ■ 
Let [/' be a compact open subgroup of (D ®p A|?) x such that [/' = n^££m P , 
where U' v — U v if v\p and, for U' v . C GL 2 (Op v .) acts trivially on W T =m. 

Denote by C co (D x \(D ®p Ap) x /[/') the complex vector space of smooth func- 
tions /: D x \ (D ®p Ap) — >C which are invariant by the action of U 1 . Let W* 
be the C-linear dual of W TC . 
Define a map: 

a : S Tli ,(U,E) — ► Ham^^x (V r * c , C 00 ^ \ (£> <g» F A F ) X /t/')) 
by sending / £ S T .^,(U, E) to the assignment: 

«>* —> (.9 — ► W *(T^> a H9 P )/(.9°°)), 
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where w* G W* and g <E {D ® F A F ) X . We have the following (cf. [15], 3.1.14): 



Proposition 4.9 TTie map a identifies S T ^(U, E) ®e C wzi/i a space of auto- 
morphic forms for the group D x having central character ^> c given by ipcid) = 
NmF/Q^) 1 ^ Nnif/QCgp)— 1 ^^ 00 ) for g G (£> ®f A f ) x . 

Ifir = ® v tt v is an irreducible automorphic representation for the group D x , 
then 7r is generated by an element in a{f){W* c ) for some f G S T ^{U, E'), some 
U small enough and some E' ~D E big enough, if and only if 7:^ ~ W^* alg and 

§$ v \ p Tr v contains W*mi as a representation of Y[ T j = i GL2(Of v .) . 

Assume furthermore that F/Q has even degree and that we chose £ to be 
the empty set. Let r be a holomorphic weight with parameters (fc, w) G Z> 2 x Z 

and let ip : A F / F x be a continuous character such that ip(a) = (Nma) 1 " 

for all a contained inside an open subgroup of (F <8>q Q p ) x . Fix an isomorphism 
Q p ~ C as before. 

As a consequence of the classical Jacquet-Langlands theorem, we can identify 
the complexification of the space S T ^(U,Q P ) (k ^ 2) with a space of regular 
algebraic cuspidal automorphic representations n of GL/2{Af) such that tToo has 
weight (fc, w) and 7r has central character ipca- If A; = 2 the identification works if 
we consider, instead of S T ^{U, Q p ), the quotient of S T ^(JJ, Q p ) by the subspace 
of functions factoring through the reduced norm. For a detailed formulation of 
these last facts, cf. Theorem 2.1 of [TT] and Lemma 1.3 of |24j . 

4.5 Holomorphic weight shiftings via generalized Dickson 
invariants and D-operators 

Let q be a power of p. The intertwining operators between F g -representations 
of GL 2 (F 9 ) studied in Section allow us to produce weight shiftings between 
spaces of automorphic forms having holomorphic weights. 

4.5.1 Main theorem 

Let us set A = O and let D, U, (r, W T ) and if> be as in 14. 21 Recall in particular 
that U is small enough, and that ip is compatible with r. For simplicity, if r is 
a holomorphic weight with parameters (fc, w) G Z> 2 x Z and / G S T ^(U, O), we 

also say that / has weight (k, w) or, sometimes, that / has weight k. Recall that 
we write k = (fcW, jfeW) with fc« = (fc^ , kf^) G Z( J 2 for 1 < j < r, 

and that we define the vector — {u)q , Wf)_^) G Z-^ by the relations 

k\ j) + 2w\ j) - 1 = w, for all < i < fj - 1. 

Theorem 4.10 Assume t is a holomorphic O -linear weight with parameters 
(k, w) G Z> 2 x Z wrai/i w odd. Let f = min{/i, f r } and fix an integer f3 such 
that 1 < j3 < /. For an!/ integers i,j with 1 < j < r and < i < fj-i choose: 

a| j) G {/-!,/ + !}. 
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Set a = (a* 1 ),...,^) with = (a { j) , 4f-i)> and let w' = w + (p? - 1). 
Assume at least one of the following conditions is satisfied: 

(*) Let j be any integer such that 1 < j < r and B < fj. Then for any i 
with < i < fj — 1 and off' = p@ — 1, we have that 2 < < p + 1, 
2 < fc^y . _^ < p+1 and if i' ^ i is another integer such that < i' < fj — 1 
and a^p — p 13 — 1, we also have i ^ %' — /3(mod fj). 

Let j be any integer such that 1 < j < r and /3 = /j. TTien /or any i wrai/i 
< i < // - 1 and ap' = - 1, we have that 2 < fcp } < _p + 1. 

(**) The weight (k, w) is p-small and generic, i.e., 2 < fcp' < p+ 1 /or a// 

Let ^ : (A^?) x /F x ^-O x be a Hecke character compatible with r. Then, if 
is a Hecke eigensystem occurring in the space S Tl ^(U,0), there is a finite 
local extension of discrete valuation rings O' jO and an O' -valued Hecke eigen- 
system Q' occurring in holomorphic weight (fc + a, w') and with associated Hecke 
character i\) such that: 

fi' (mod = fl(modm ). 

The character ip is compatible with the weight (k + a,w') and it can be chosen 
so that ip = ^p. 

Proof Recall that t is the O-linear representation r : GL 2 (Of v )—> Aut W, 

where W = <g) r j=1 Wj, Wj = (g^ 1 (Sym fc ^ 2 O 2 ® det^') % \ k\ j) + 2w\ j) - 
1 = w. The group GL 2 (Of v ) acts on W via the action on Wj induced by the 

embedding ctq : GL 2 (Of v .) ^ GL 2 {0). The superscript [i] indicates twisting 
by the «th power of the arithmetic Frobenius element of Gal(E/Q p ). 

The F-linear representation Wj := Wj ®o F of GL 2 (Of v ) factors through 
the reduction map GL 2 (Of v . ) — ¥ GL 2 (F<p j ); using the notation introduced in 
Section [2J we can identify Wj with the ¥[GL 2 (¥<p j )]-module 

" . ®, ... K (3 ,_ 2 0det^ ) , 

where we see GL 2 (¥<$ j ) <-> GL 2 (¥) via ctq\ and the superscript [i] indicates 
twisting by the ith power of the arithmetic Frobenius element of Gal(F/F p ). 

For any fixed integer j, 1 < j < r, let Tj — {i : — p 13 + 1} and 
Vj = {i : 4 j) =pP- 1}. For i e ^ set 00 } := QjJ.^ if /3 < /j and 0^ := G^ 
if /3 = f j; where G 1 ^ and QM are the generalized Dickson invariants for the 
group GL 2 {¥ Vj ) ~ GL 2 {¥ f] ) as defined in l5XTl For i E Vj set s\ j) := Df_ p 
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if ft < fj and 8^ := if /3 = /j, where an d -D^ are the generalized 

D-operators for GL2 (Ffp., ) defined in 13.3.21 Set: 

where the symbol Q denotes composition of functions, and each of the two 
composition factors above is computed by ordering Tj and T>j in the natural 
way. As seen in section [3l the operators and 5^' give rise to morphisms of 
Ftp . [GL2(¥rp j )]-modules, and hence to morphisms of FfGI^Fq^ )]-modules via 

the scalar extension Oq : Ftp. =-> F. We deduce that Aj induces a GZ^Ftp^.)- 
equivariant and F-linear morphism: 

Aj : If, >U; 

where Wj is the F[Gi 2 (F<p j )]-module: 

: =0 ie7S .( M ^+^ + i)-2® det ^ )_1 ) M 

Indeed, by Theorem l3.12[ ©/]_^ increases fej"^ by 1, kj"2f._p by p' 3 , u>p' ) by — 1, 
and does not change for s =/= i, i + fj — j3 or iUg for s =/= i; ©M increases fc^ 
by p-^ + 1, by —1, and does not change fc« or itig for s ^ i. On the other 
hand, by Theorem 13.201 the operator D^._p increases k\ by —1, kj^f.-p by 
p 13 , and does not change ks for s ^ i, i + fj — j3 or Ws for any s; £)M increases 
k^ by — 1, and does not change ks^ for s ^ i or for any s. 

By Theorem 13. 121 O ie7 ^ J?j is injective. If (*) is satisfied, the injectivity 
statement of Theorcm l3.20l implies that Q ieV . 8^ is injective on Wj. The image 

01 t&iLo 1 (^X kl i 3) ~ 2 ®l) G Wj under O ieCj . <^ is easily seen to be of the form 

ILec - 2) • m for some non-zero u e Wj. If (**) holds, ILeD (^P - 2 ) 
is non-zero in F and, being Wj an irreducible representation of GL2(Ffp.), we 
deduce that Q i£Vj 6+ is injective on Wj. We conclude that under assumptions 
(*) or (**), all the maps Aj for 1 < j < r are injective. 

Let b [ p = -1 if i G Tj and b [ p = if i G 2>j. Define the 0[GL 2 (0Rp. )]- 
module: 

Wj = (g)^ 1 (Sym^+^- 2 ® det^+^) W , 

so that Wj ®o F = Wj as F-representations of GL2(Of v .) or, equivalently, 
of GL 2 (Ftp 3 . ) . Set W = 0^ =1 Wj and denote by r' the action of U on W 
induced by the projection U -¥ Ilj=i GL^{Of^. ). Let «/ = w + (p^ — 1); for 
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all the values of i and j for which the following integers are defined, we have 
k U) + a U) > k U) > 2 and: 



fl - l) + / - 1 



w + (/ - 1). 



Therefore r' is a holomorphic weight for automorphic forms on D with param- 
eters (k + a, w') € Z> 9 x Z. 

The injections Aj (1 < j < r) constructed above allow us to see = 
0^ =1 VKj as an F-linear [/-subrepresentation of W' = 0^ =1 W'y Since w is odd 
and w = w'(modp — 1), we can apply Proposition ^. 81 We conclude that there 
exists a Hecke character ip : (A|?) /F x ^O x compatible with r' and such that 
ip — ip; furthermore, for any Hecke eigensystem fl occurring in S T ^(U, O) there 
is a finite extension of discrete valuation rings O' jO with 97te>' n O = 9Jlo and 
a Hecke eigensystem fl' occurring in S T ' m{U,0') such that fl' (mod $He>' ) = 
n{modWl )- ■ 

Corollary 4.11 Under the same notation and assumptions of Theorem \4- 1C\ 
any ¥ p -linear continuous Galois representation arising from a Hecke eigenform 
in S T ^(U, O), where t is a holomorphic weight of parameter k, also arises from 
an eigenform in S T i^'(U,Z, p ), where t' is a holomorphic weight of parameters 
k + a and ip is some O y -valued Hecke character compatible with t' and such 
that ip = ip. 

Remark 4.12 We remark what follows: 

1. Condition (*) of Theorem \4-10\ is true if for example, for any j with 
1 < j < r , there is at most one i, < i < fj— 1, such that = p 13 — 1, and 
for these values of i and j we have 2 < k^' < p+l and 2 < k^j._p < p+l. 

2. The reason for which in the above result we limit af to be in the set 
{pP — l,p^ + 1} for all i,j is that we want to preserve the holomorphicity 
of the weights of the automorphic forms involved. More weight shiftings are 
possible using the generalized Dickson and D -operators if we do not impose 
the holomorphicity condition. On the other side, we will see in \4-5.2\ that 
when g > 1 our operators allow more holomorphic weight shiftings than 
the ones described in the Theorem \4-H\ 

3. As a consequence of Remark \3.13\ and Remark \3.21[ the above result gives 
rise in general to more holomorphic weight shiftings than the ones ob- 
tained by the theory of generalized theta operators and Hasse invariants 
for geometric (modp) Hilbert modular forms (cf. \4-l\ l- 
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4.5.2 Analysis of the case fj < 3 

We determine additional holomorphic weight shiftings using the generalized 
Dickson and D-operators. Since the combinatorics involved in the computations 
becomes very complicated as max{/!, ...,/ r } grows, we assume that fj < 3 for 
all j. A procedure similar to the one described below could be applied in greater 
generality. 

The most interesting cases for us arise when some of the residue degrees fj 
equal two, so that we assume without loss of generality g — 2, pOf — *P and 
[Ftp : F p ] = 2. We maintain the notation introduced at the beginning of the 
section, but since r = 1 we drop the index j wherever it appeared before. Notice 
that we have E = .Ftp, F = Ftp and we can assume that oo (resp. <7o) is the 
identity automorphism of _Ftp (resp. Ftp). 

Fix k = (&o, fci) £ Z> 2 and w = (wo,u>i) € 1? such that fc, + 2wi — l = w 
(i = 0, 1) with w odd. Let (r, W) be the holomorphic O-linear weight with 
parameters (k,w), so that the reduction modulo *P of W is the Ftp[GL2(Ftp)]- 
modulc: 

W = (M ko ^ 2 ®det w °) ® (M fel _ 2 ® der 1 ) 111 . 
Fix non- negative integers n,m,r, s,t,u,v, z and let: 

a = e^ u o e^ 4 o e^" 1 o ef ],n o d^ z o d^ v o d 1 ^ s o Df ] > r , 

where the above operators are defined as in l3.3.1l and l3.3.2l A defines a Ftp [GL 2 (Ftp 
homomorphism having source W as long as r + 2 < fco and s + 2 < ki + pr; we 
assume therefore: 

f r + 2 < k (x ,s 
\ s + 2< jfe x . l * ' 

If (♦') holds, we have A : W— >W , where: 

W' = (m k _ 2 ® det w °) ® (M fcl _ 2 ® det^i) 111 , 

with: 

fc = fc + n + pm - r + ps + (p 2 + l)t + (p 2 — l)v 
k[ = k\ + pn + m + pr — s + (p 2 + l)it + (p 2 — l)z 

w = wo — n — t + a(p 2 — 1) 

w[ — w\ — m — u + f3(p 2 — 1). 

2 — 1 

Here a, (3 can be chosen to be any integers, as det p = 1 on GI^Ftp). 
Assume that the following are satisfied: 

(A) relations (#') hold and A is injective; 

(B) k' ,k' 1 >2; 
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(C) k' + 2w' - 1 = k[ + 2w[ - 1 =: u/; 

(D) w = w'(modp — 1). 

Then we can apply Proposition 14.81 to obtain holomorphic weight shiftings for 
Hecke eigensystems associated to automorphic forms on D. We therefore want 
to translate the above four conditions into relations between the integral pa- 
rameters ki, Wi, a, /3, n, to, r, s, t, u, v, z. 
We easily see that: 

k' + 2w' — 1 = w — n + pm — r + ps + (p 2 — l)(t + v + 2a) 
k' l +2w' l -l = w +pn - to + pr - s + (p 2 - l)(u + z + 2/3), 

so that condition (C) is equivalent to: 

(to - n) + (s - r) + (p - 1) ((i -u) + (v-z) + 2(a - /3)) = 0. (4k) 

Computing to and r from (4k) we obtain: 

k' Q = ko + (p + i)(n + t) + (p-l)(r + v)+p(p-l)(u + z + 2(P-a)) 
k'-y = ki + (p + l)(m + u) + (p - i)(s + z) + p(p - l)(t + v + 2(a - @)) 
w' = w + (p - l)(n + t + r + v + 2a + p(u + z + 2(3)). 

Condition (D) is then automatically satisfied, and (B) holds if a = /3. If 
r = s = v = z = 0, condition (A) is satisfied, as the generalized Dickson 
invariants induce injective morphisms of Ftp [GL2(¥<^)]-modules, and (Jit') is 
then a consequence of k , k% > 2. 

We claim that if 2 < ko k± < p + 1 and the non- negative integers r,s,v,z 
satisfy: 

r + v + 2 < fc , . s 

s + z + 2<h, W 

then (A) holds. (Notice that (4k) implies (♦')). To prove this, first observe that 
if 2 < fco.fci < P + 1, then tV" is irreducible for the action of GI^OFsp), so we 
only need to show that under the above assumptions A ^ 0. Write a = ko — 2 
and b = k\ — 2 and denote for simplicity the element (X a ® 1) eg) (X b ® l) ^ of 
Why X a ® X h . We have: 

(dW-* o DM-' o L»W' S o L»[ OI ' r ) (X Q ® X b ) (♦) 

_ c , ^a-r+ps+(p 2 -l)t> xb+pr-s+(p 2 -l)z 

where: 

a! (6+pr)! (a — r + ps)l (b + pr — s)\ 



(a — r)! (6 + pr — s)! (a — r+ps — w)! (6 + pr — s — z) 



(modp). 



The exponents in the right hand side of (♦) and the integers in the above formula 
for c are non- negative under the assumption (4k). Since < a, b < p— 1, (4k) also 
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implies that p docs not divide the integer ^Z7)T ' (6+pr-J)! ■ Assume r + v < a 
and v > 0; if p divided the integer: 



(a — r + ps)\ 



r v-l 



(a — r + ps — v)\ *-*-j = {) 

then p would divide a — r — j for some < j < v — 1 , which is impossible as 
1 < a — r — j < p — 1. Similarly, if s + z < 6 we see that p does not divide 

(6— s+pr)! 
{b—s+pr—z)\ ' 

We conclude that c ^ and hence o D^' v o Z)' 11 ' 5 o L>[ 0l ' r ^ 0. The 

injectivity of the generalized Dickson invariants implies then the claim. 



Let us set A = O = Of v and let D, U be as in !4.2l The above considerations 
and Proposition 14.81 prove the following: 



Theorem 4.13 Assume g = f = 2 and let t be an O -linear holomorphic weight 
for automorphic forms on D of parameters (feo, ki;w) € Z> 2 x Z with w odd; let 
ip be a Heche character compatible with r. Fix a S Z and non-negative integers 
n,m,r, s,t,u,v and z. Assume at least one of the following two conditions is 
satisfied: 

(*) r = s = v = z = 0; 

(**) 2 < k 0< k x < p + 1, and r + t> < k - 2, s + z < fe x - 2. 
Assume furthermore that the relation: 

(m-ri) + (s-r) = (p-1)- ((it -*) + (-?- i>)) (4) 

holds. Define: 

k' = ko + (p+l)(n + t) + {p- l)(r + v) +p(p - \){u + z) 
K = fci + (p + l)(m + u) + (p- l)(s + z)+p(p - l)(t + v) 
w' =w+(p - l)(n + t + r + u + 2a + 2 + 2a)). 

TTien if Q is a Hecke eigensystem occurring in S T ^{U,0), there is a finite 
local extension of discrete valuation rings O' jO and an O' -valued Hecke eigen- 
system SI' occurring in holomorphic weight (k' , k'^w') and with associated Hecke 
character iji such that: 

n'(mod37to') = ^(modOHo). 

The character ip is compatible with the weight (k' , k[;w') and it can be chosen 
so that ip = tp. 

Remark 4.14 Many of the weight shiftings produced by Theorem \4 ■ 13\ do not 
arise from Theorem \4-10\ or from the operators described in \4-l\ 
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5 Shiftings for weights containing (2, 2)-blocks 



While the generalized Dickson invariants induce injective maps on the trivial F- 
representation of GZ^Fqj ), the D-operators are identically zero on this module. 
Starting with automorphic forms whose weight contains a (2, 2)-block (cf. 
definition in I4.4|) . we can then produce weight shiftings through the operators 
6a ' but we cannot always successfully use the operators £>jf' ■ On the other side, 
the study of weight shiftings "by p — 1" for automorphic forms whose weight 
contains a (2, 2)-block is motivated by the weight part of Serre's modularity 
conjecture for totally real fields (cf. Remark 15.41 below) . 

In this section we present a result of Edixhoven and Khare (cf. [7]) to produce 
weight shiftings " by p — i" starting from forms whose weight is not necessarily 
parallel but contains (2, 2)-blocks relative to some primes of F above p. We 
always assume that p > 2 is unramified in the totally real number field F. 

We keep the notation introduced in 01 and we furthermore assume that F 
has even degree over Q and that the quaternion F- algebra D is ramified at 
all and only the infinite places of F, i.e., S = 0. We fix an isomorphism 
(D® F hf) x ~ GL 2 (Af). 

The symbols F, U, (r, W T ), ip, S and Tg n ™ will have the same mean- 
ing as in 14.21 We assume that r is a (non necessarily holomorphic) F-linear 
weight with parameters (k,w) G Z> 2 x Z s , where k = (k^\ k^) and fcW = 

(i^V--,4?-l) e Z >2; = (w (1) ,...,w (r) ) and tfltf) = (w^,...,™^) G Z**, 
for 1 < j < r. 

We write W T = ®j =i W Tj . where W Tj . is the F-representation of GL 2 {Of v . ) 
defined by: 

W Tj = (g)^ 1 (Sym fc ' J) - 2 F 2 ® deW ) W . 

If the weight r is holomorphic, it is also determined by the pair (k, w) G Z£, 2 x Z 

where fep + 2wf^ — 1 = w, for all i and j. 

Choose a prime *}3 of _F above p and let ro be a fixed choice of uniformizer 
for the ring of integers of the completion of F at We can assume, up to 
relabeling, that *}3 = s )p 1 . Define the matrix of GL2(Frp 1 ): 

\ ZD 

and view it as an element of GL2(A^) whose components away from *Pi are 
trivial. 

If g is an element of GL2(A^) and Q is a finite set of finite places of F, we 
denote by the element of GL2(A c fi) whose components at each place of Q 
are trivial, and whose components away from Q coincide with those of g. We 
let 9q = g/g®- A similar convention is used for subgroups of GL2{h^) which 
are products of subgroups of GL 2 (F V ) for v varying over the finite places of F. 
In particular, by assumption we have U p = GL2(Of ®z Z p ). 
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We denote the action by right translation of GL 2 (A F D ) on S T ^(U,¥) by a dot. 
Set: 

Uo = lu G U : u<^ 1 = ( * * ^ (modes) 

By restricting r to t/o, we define S t ^(Uq,¥) as in Definition 14.11 notice that 
the level of the automorphic forms belonging to this space is not prime-to-p. 

We have the following result, which is a not-prime-to-p version of Lemma 
3.1 of jH]: 

Lemma 5.1 Assume that t is an irreducible (non necessarily holomorphic) F- 
linear weight with parameters (k, w) G Z> 2 x Z s such that feW = 2. Then the 
map: 

a : S T ^{U, F) © S Tt i,(U, F) — ► 5 T . V; (t/ , F) 

defined by: 

(/i./a)— >/i+n-/ 2 

is a Hecke-equivariant ¥-morphism whose kernel is Eisenstein, i.e., the local- 
ization (ker a) OT vanishes for all maximal ideals 9Jt o/ T^™ 11 which are non- 
Eisenstein. 

Proof It is straightforward to check that a is well defined, using the fact 
that GL 2 (Of Vi ) acts on W T1 via an integral power of the (modes) determinant 
character. Also, a is equivariant for the action of the algebra Tg™ v . 

Write nun- 1 = U Vl x nGL 2 {0 Fvi )n- 1 . Define an F-linear action of the 
subgroup nun- 1 of GL 2 (Af) on W T by letting C/^ 1 act on ®^ =2 W Tj via 
the restriction of r to U'^ 1 , and by letting IIGi^Oi^ )n _1 act on W Tl via 
the reduction modulo vd of the determinant character raised to the power of 
J^i^) 1 w i P z - Observe that this action is compatible with the given action r of 
U on W r . 

If (fi, f 2 ) G ker a, we see that f\ (gu) = for all u in [/ and all u in 

nt/n- 1 , so that fi(gu) = for every u in SL 2 {F Vl )U C GL 2 (Af). 

Here 5^2 (^<Pi) acts on W Tl trivially. 

Assume that W^ 7 7^ {0}, i.e., that W T — F is the trivial representation of 
U . If (/1, /2) G ker a, then /1 is invariant under right translations by elements 
of D X U; strong approximation for SL 2 then implies that /1 is invariant under 
right translations by any element of SL 2 (A F D ), and hence it factors through 
the reduced norm map fl x \(fl ®fA™) x —>F X \(A F D ) X . Since any maximal 
ideal of V0 V in the support of the space of functions D X \(D ® F Af) x ^rW T 
factoring through the reduced norm is Eisenstein, we obtain the desired result. 

Assume now that — {0} and let (/i,/2) G ker a. Using strong approx- 
imation, we see that for any g G GL 2 (A F D ) and u G YYj=i GL 2 (Of^ ) we can 
find an element S G D x D gSL 2 (Fy 1 )Ug~ 1 such that for all j — 1, ...,r : 

9^]Sg V] G u Vj + M 2 ( s $ j ). 



47 



In particular, we obtain: 

fi(g) = fi(S- 1 g) = fi(g(g- 1 5- 1 g)) 

and, since g~ 1 5~ 1 g 6 5L 2 (F<p 1 )[7: 

h(g) = (g- 1 Sg)h(g) = uf l ( 9 ). 

Since zt is arbitrary, we conclude that f\{g) £ for any g g GL 2 (AJ?), so 
that /i = 0, fi = and a is injective. ■ 

Let T T denote the space consisting of all the functions / : D X \(D ®p A|? ) x — >W r , 
and define a left F-linear action of U on T T by: 

{uf)(g) = r(u)f(gu) 

for all ueU, ge(D ® F Af) x and / E T T . Set: 

S r (U,¥) = H°(U,T T ). 

In what follows, we work for simplicity with the spaces S T (U, F), forgetting 
about the action of the center of (D <S>f A|? ) on J>. 

Following the proof of Proposition 1 at page 48 of [7], and using Lemma I5TT1 
we obtain the following result: 

Theorem 5.2 Assume that t is an irreducible (non necessarily holomorphic) 
F-linear weight with parameters (fe, w) £ Z> 2 x Z 9 such that few — 2 /or some 
1 < j < r - r ' &e ^ e F-linear weight associated to the parameters kl — 

(feW,...,few + p- l,...,fc») and w' = w. For any non-Eisenstein maximal 
ideal 9H ofTg n ^ v , there is an injective Hecke-equivariant F-morphism: 

S T (U,Y) m ^Sr>(U,W) m . 

Proof Assume without loss of generality that j — I. Via the surjection 
U — > GL2(F(p 1 ), the group U acts on the Fqjj-points P 1 (F<p 1 ) of the projective 
Fp-line, and we can identify the coset space U/Uq with P 1 (F<p 1 ). Recall that we 
are viewing F<^ 1 as a subfield of F via the fixed embedding 6q . 

By Shapiro's lemma applied to the pair (U, Uq) and the left F[J7]-module J>, 
we obtain an isomorphism: 

H°(U ,F T ) -A- H°(U, JV® F F[P 1 (F« Pl )]). (1) 

Here U acts on FpP^FqjJ] = {ip : P^FqjJ^F} via its quotient GL 2 (F<pJ 
and by the rule {u<p)(P) = (p( U - 1 P) for u e GL 2 (F Vl ) and P 6 P^F^J. 
Furthermore U acts diagonally on J>C3F[P 1 (Ffp 1 )]. By Lemma 1.1.4 of [2J, the 
isomorphism (JXJ) preserves the Hecke action on both sides. 

By Lemma 2.6 of [16], there is an isomorphism of F[Gi2(F<p 1 )]-modules: 

FpP^FqjJ] ~ FeSym^ 1 " 1 (F 2 ) = M ®M pfl _ 1 , 
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inducing a surjection: 

ff°(l7,.7v®F[P 1 (% 1 )]) H^U^^MpH^). (2) 

Observe that the composition of the restriction map H°(U, J- T ) — > H°(Uq, J- t ) 
with the surjection: 

H°{U ,T T ) ~ H°(U, ^¥[F\¥ Vl )}) -> H°(U,T T ) 

is given by / i-4 -pj^j X)ug(7/(7 1 ® u / = 1 ® /• This implies that the first sum- 
mand of H°(U, T T )® 2 is identified via the map a of Lemma I57T1 and the Shapiro 
isomorphism with the direct summand H°(U,T T ) of H°(U, J 7 r (g>F[P 1 (F<p 1 )]). 

Using the map a, the Shapiro isomorphism, the projection @, and the iso- 
morphism of ¥[GL 2 (¥ pfl )]-modules ~ ®{i 1 M^ l5 we obtain a Hccke 
cquivariant morphism: 

/3 : H°(U, -> if ([/, JV®®^ 1 M^) . 

By Lemma HTTl precomposmg f3 with the injection H°(U, J- T ) H°(U, J>)® 2 
given by / h4 (0, /) we obtain a Hecke equivariant injective morphism: 

J"r) OT ^ F° ([/, JV® 1 M^) ^ (3) 

for any non-Eisenstein maximal ideal CUT of T^™" . 

Let fc' = (p + 1, fc( 2 ), fc( r )) and set u;' = Observe that if r' is the repre- 
sentation of U associated to the parameters (k', w') then W r > — W T ®s ®fio 1 M p [ 
The [/-equivariant map -Tv® ®{io 1 -^p-i — * induced by the assignment: 

f ®m i — > [g i-> /(g) ® to] 

for g G D X \(D ®p A|?) x is injective. We deduce that for any non-Eisenstein 
maximal ideal 9)1 of T^™" , there is a Hecke equivariant monomorphism: 

Combining this with (j3)), we are done. I 

Remark 5.3 Under the assumptions of the above theorem, t' is an irreducible 
representation of U . This implies that, if the number of indices j such that 
fcW = 2 is larger than one, Theorem \5.^ can be further applied to obtain weight 
shiftings "in blocks" by p — 1. 

Remark 5.4 The content of Theorem ] 5. H generalizes Lemma 4-6.8 ofj^, which 
is proved in loc. cit. via Lemma 1.5.5 of [HI. 
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The weight shifting produced by Theorem l5.2l is not in general of holomorphic 
type: for example, if r > 1 and r is holomorphic, then r' is never holomorphic. 
Nevertheless we have: 

Corollary 5.5 Assume that r is the irreducible holomorphic F-linear weight 
with parameters (2,w) G Z> 2 x (2Z + 1). Let r' be the holomorphic weight 

associated to the parameters (p + 1, w+ (p— 1)) G Z?, 2 x (2Z + 1). For any non- 
Eisenstein maximal ideal 9Jt of Yg™ v , there is an injective Hecke-equivariant 
W-morphism: 

S T {U,¥) m ^S r ,(U,¥) m . 

Proof Fix a non-Eisenstein maximal ideal 971 of . Applying Theorem 
15.21 r times we obtain a Hecke equivariant injection S T (U, ¥)^x S T '(U,¥)rxn, 
where r' is the irreducible F-linear weight with parameters (p + 1, v) G Z> 2 x Z 9 
and each component of v equals the integer This weight is holomorphic 

with parameters (p + 1, u; + (p — 1)). ■ 

In terms of Galois representations we obtain: 

Corollary 5.6 Assume that r is an irreducible (non necessarily holomorphic) 
F-linear weight with parameters {k, w) G Z> 2 x Z 9 such that = 2 for some 
1 < j < r - Then an irreducible continuous representation p : G&\(F / F)— >GL2(F P ) 
arising from an automorphic eigenform on S T (U,¥) also arises from an auto- 
morphic eigenform on S T >(U,W) 7 where t' is the irreducible weight associated to 
the parameters k! — (k^\ + p — i, k^) and w' = w. 

The Jacquet-Langlands correspondence and Corollary 15.51 imply the follow- 
ing (cf. 0): 

Corollary 5.7 An irreducible continuous representation p : G&\(F/ F)— >GL2(W p ) 
arising from a holomorphic Hilbert modular form of level U C GL2(AJ?) and 
parallel weight 2 also arises from a holomorphic Hilbert modular form of level 
U and parallel weight p + 1 . 
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